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ABSTRACT 

Equations  of  Hamilton- Jacobi  type  arise  in  many  areas  of  application, 
including  the  calculus  of  variations,  control  theory  and  differential  games 
^Recently  M.  G.  Crandall  and  P.  L.  Lions  introduced  the  class  of  '‘viscosity" 
solutions  of  these  equations  and  proved  uniqueness  within  this  class.  This 
paper  discusses  the  existence  of  these  solutions  under  assumptions  closely 
related  to  the  ones  which  guarantee  the  uniqueness. 
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SIGNIFICANCE  AND  EXPLANATION 


Equations  of  Hamilton- Jacobi  type  arise  in  many  areas  of  application, 
including  the  calculus  of  variations,  control  theory  and  differential  games. 
However,  nonlinear  first  order  partial  differential  equations  almost  never 
have  global  classical  solutions,  and  one  must  deal  with  generalized 
solutions .  ^ The  correct  class  of  generalized  solutions  for  equations  of 
Hamilton-Jacobi  type  has  recently  been  established  by  M.  G.  Crandall,  L.  C. 
Evans  and  P.  L.  Lions.  Here  we  give  some  existence  results  concerning  this 
solution,  under  assumptions  similar  to  the  ones  guaranteeing  its  uniqueness. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


EXISTENCE  OP  VISCOSITY  SOLUTIONS  OF  HAMILTON-J ACOBI  EQUATIONS 


Panagiotis  E.  Souganidis 

INTRODUCTION 

Recently  M.  G.  Crandall  and  P.  L.  Lions  ([2])  introduced  the  notion  of 
viscosity  solution  for  nonlinear  scalar  partial  differential  equations  of  the 
form 


(0.1)  F(y,u(y) ,Du(y) )  =  0  for  y  e  0 

where  0  is  an  open  set  in  R151,  F:(?xrxrit’-»r  is  continuous  and 

Du  =  ( 3u/3y  , . . . , 3u/3y  )  denotes  the  gradient  of  u  (also  see  M.  G. 

1  m 

Crandall,  P.  L.  Lions  and  L.  C.  Evans  [1])  .  They  used  this  notion  to  prove 
uniqueness  and  stability  for  a  wide  class  of  equations  of  the  form  (0.1),  in 
particular  for  the  initial  value  problem 


(0.2) 


3u  n 

—  +  H(t,x,u,Du)  =  0  in  R  «  ( 0 ,T] 

dt 


.  u(x,0 )  =  uQ (x)  in  R 


N 


and  the  stationary  problem 

(0.3)  u  +  Ail(x,u,Du)  =  n(x)  in  r" 

Moreover  they  proved  existence  of  the  viscosity  solution  of  the  model  problems 


(0.4) 


3u  N 

+  H( Du)  =  0  in  R  x  ( 0 , T] 


u(x,0)  =  uQ (x)  in  R 


and 

(0.5)  u  +  il  ( Du )  =  n  ( x )  i  n  RN 

This  paper  discusses  the  existence  of  the  viscosity  solution  of  the  more 
general  problems  (0.2)  and  (0.3).  The  assumptions  made  here  are  closely 
related  to  the  ones  for  which  M.  G.  Crandall  and  P.  L.  Lions  proved  the 
uniqueness  of  this  solution. 
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We  now  formulate  typical  hypotheses  and  describe  the  results.  As  far  as 


N  N 

H  :  [0,T]  x  r  x  r  x  r  -*■  R  is  concerned  throughout  this  discussion  we  will 


(HI) 


and 


N  N 

H  e  C( [0,T]  x  R  x  R  x  R  )  is  uniformly  continuous  in 


[0 ,T]  x  r  x  (-R, r]  x  p  (0,R)  for  each  R  >  0 

N 


<*) 


There  is  a  constant  C  >  0  so  that 


(H2 ) 


C  =  sup  |H(tfx,0,0)|  <  oo  . 

^T 

Moreover  we  require  some  monotonicity  of  H  with  respect  to  u.  More 
precisely  we  assume 


(**) 


f 


For  R  >  0  there  is  a  v  e  R  such  that 

R 


(H3)  )  H(t,x,r,p)  -  H(t,x,s,p)  >  yR(r-s)  for  xeR,~R<s<r<R 
0  <  t  <  T  and  p  e  RN  . 


Finally  we  will  have  to  restrict  the  nature  of  the  joint  continuity  of  H. 
The  following  two  assumptions  will  be  used: 


1. 

C  (0)  is  the  space  of  k  times  continuously  differentiable  functions 
defined  on  0. 

c£(0)  consists  of  functions  in  C *(0)  which  together  with  their 
derivatives  are  bounded 

Cq(0)  consists  of  functions  in  C  (0)  which  togeher  with  thpir 
derivatives  have  compact  support 

B^Xq.R)  =  {x  e  R?*  :  |x-x0l  <  R). 

<**) 

yT  =  r”  x  (0 ,T]  ,  Gj,  =  r”  X  [ 0,T]  where  T  H  (0,*>) 

0^  =  I?  X  (0,®),  =  r”  X  (0,®) 
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For  R  >  0  there  is  a  constant  C  >0  such  that 

R 

(H5)  )  | H( t,x, r ,p)  -  H(t,y,r,p)|  <  CR( 1+| p | ) | x-y |  for  t  e  [0,T],  |r|  <  R 

N 

V  and  x,y,p  €  R  . 

The  theorems  are: 

Theorem  1.  Let  H  :  [0,T]  x  rN  x  r  x  rN  +  r  satisfy  (HI),  (H2),  (M3)  and 

either  (H4)  or  (H5).  For  any  uQ  e  BUC(R^)  there  is  a  T  =  T(luo»)  >  0  and 

u  e  BUC(Qt)  such  that  u  is  the  unique  viscosity  solution  of  (0.2)  in 
~  (*) 

Qt<  If  moreover  in  (H2)  is  independent  of  R,  then  (0.2)  has  a 

unique  viscosity  solution  in  QT  for  every  T  >  0. 

N  N 

Theorem  2.  Let  H:R  xrxr  +  r  satisfy  (Hi),  (H2),  ( H  3 )  and  either  (H4) 

N 

or  (H5).  For  any  n  e  BUC(R  ),  there  is  a  X  =  X(Hnl,y  )  such  that  for 

U  R 

every  X,  0  <  X  <  XQ,  (0.3)  has  a  unique  viscosity  solution  u  e  ROC(RN) 
Several  existence  results  for  the  problems  (0.2)  and  (0.3)  (including 
versions  with  boundary  conditions)  can  be  found  in  P.  L.  Lions  [7,8].  His 
assumptions  generalize  (H5)  but  not  <H4).  However,  for  (0.2)  he  requires  a 
Lipschitz  condition  in  t.  Moreover,  W.  H.  Fleming  ([4])  and  A.  Friedman  ([6]) 
established  earlier  some  existence  results  concerning  (0.2)  in  the  almost 


(*) 

BHC(0)  is  the  space  of  bounded  uniformly  continuous  functions  defined  on  0. 
If  u  :  0  ■*  R  then  ||u||  =  sun  |u(x)| 
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i 


everywhere  sense,  under  Lipschitz  type  assumptions  for  all  the  arguments  of 
H  and  Uq  e  C°' 1  ( RN) .  ^  *  Finally,  the  scope  of  the  existence  results  has 
been  recently  extended  by  G.  Barles  ([0]). 

The  paper  is  organized  as  follows.  Section  1  recalls  the  definition  and 
some  basic  properties  of  the  viscosity  solution  of  (0.2).  It  also  contains 
some  new  results  about  this  solution.  Section  2  is  devoted  to  the  proof  of 
theorem  1.  Moreover,  as  an  intermediate  step  towards  the  proof  of  this 
theorem,  we  give  a  result  about  the  convergence  of  the  viscosity 
approximations  with  certain  explicit  estimates.  Sections  3  and  4  are  devoted 
to  the  stationary  problem  and  have  the  same  structure  as  sections  1  and  2. 

Finally,  we  would  like  to  thank  Professor  M.  G.  Crandall  for  helpful 
discussions  and  good  advice. 


<*>  n  « 

on  'I,?'0' 


is  the  set  of  (bounded)  Lipschitz  continuous  functions  defined 
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Section  1 


We  begin  this  section  with  the  definition  of  the  viscosity  solution  of 
(0.2).  We  have 

Definition  1.1  (5.1  [  2  j  )  .  Let  H  e  C(  [0,T]  x  R1^  x  R  x  rN  ) .  A  function 

u  e  C(Qt)  is  a  viscosity  solution  of 

3u 

—  +  H(t,x,u,Du)  =  0 


if  for 

(1.1  ) 


every  $  e  C  (Q 


if  u  -  cf>  attains  a  local  maximum  at 

I?  (VV  +  H<to'xo'u()to'to 


xQ,t0)  e  Qt#  then 
D<j>(x0,t0))  <  0 


and 


(1.2)  if  u  -  (ji  attains  a  local  minimum  at  (  Xq  ,  tQ )  e  Q^,,  then 

3t  (x0'V  +  H(t0'X0'U<X0't0)'  D(*>tx0't0))  *  0 

If  moreover  u  e  C(O^)  and  u(x,0)  =  uQ(x)  in  tF ,  we  say  that  u  is  a 
viscosity  solution  of  (0.2). 

Renark  1.1.  In  a  similar  way  u  e  C (Q_ )  is  said  to  be  a  viscosity  sub¬ 
solution  (respectively  supersolution)  of  (0.3)  if  (1.1)  (respectively  (1.2)) 
holds  and  u(x,0)  <  uQ(x)  (respectively  u(x,0)  >  uQ(x))  in  . 

Remark  1.2.  Definition  1.1  and  Remark  1.1  are  a  combination  of  Definition  2 
and  Lemma  4.1  of  [1). 


Next  we  state  the  theorem  about  the  uniqueness  of  the  viscosity  solution 
of  (0.2)  as  well  as  some  other  important  results  of  [2]  concerning  this 
solution. 

Theorem  1.1  (V,2[2)).  J.et  n,v  e  PUC(RN)  be  viscosity  solutions  of  the 
problems 


f 


Du 

~+H(t,x,u,Du)=0  in 

Jt  T 


and 


u(x,0)  -  uQ(x)  in  R 


3v 

"jj£  +  H(t,x,v,Dv)  =0  in 


v(x,0)  =  vQ(x)  in  R 
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respectively  where  H  :  [0,T]  x  rN  x  r  x  rn  +  r  satisfies  (HI),  (H3)  and 

either  (H4)  or  (H5).  Let  RQ  =  max(lul,lvl)  and  y  =  y .  Then  for 

R0 

t  e  [o,t] 

(1.3)  lu(-,t)  -  v ( • , t ) I  <  e_Ytlu0-v0l  . 

In  particular  (0.2)  has  at  most  one  viscosity  solution. 

Proposition  1.1  (1.11  [2]).  Let  T  >  0,  y  6  R  and  g,h  e  C( (0,T) ).  Suppose 
that  for  every  n  e  C  <(0,T)),  if  g-n  attains  a  strict  local  maximum  at 
t0  e  ( 0 ,T) ,  we  have 

n' (tQ)  +  yg(tQ)  <  h(tQ)  . 

Then  for  0  <  s  <  t  <  T 

(1.4)  e^gft)  <  e^sg(s)  +  e^^TjdT  . 

s 

Remark  1.3.  The  assumptions  on  g  in  the  above  proposition  are  equivalent  to 
saying  that  g  is  a  viscosity  solution  of 

g’  +  Y9  <  h 

as  it  is  explained  in  [2]. 

Proposition  1.2  (VI. 1 [2]).  For  s  >  0  let  u  e  C.  (Q_)  be  a  solution  of 

e  d  t 

f  3ue 

I  __  -  £Au£  +  Hc(t,x,ue,Due)  -  0  in  5^ 

I  N 

V  u£(x,0)  =  Uq £  ( x )  in  R 


3ue  3ue  n 

with  gx  e  C(Qt).  Assume  H£  ♦  H  uniformly  on  [0,T]  x  r  > 

[-R,R]  x  B  ( 0 , R )  for  each  R  >  0.  If  e  +0  and  u  ♦  u  locally 
n  n  t 

n 

uniformly  in  QT,  then  u  e  C(QT)  is  a  viscosity  solution  of 

+  H(t,x,u,Du)  =0  in  Qj  . 


If  moreover  uQe  +  uQ  uniformly  in  R  and  u£  ■*•  u  uniformly  in  Q^, 


then  u  is  a  viscosity  solution  of  (0.2) 


Proposition  1.3  (I.2[2]).  Let  e  0(0^)  be  a  viscosity  solution  of 


Ht~  +  Hn(t,X'Un'DUn)  =  °  in  2T 


u  (x,0)  =  u.  (x)  in  R 
n  On 


Assume  H  H  uniformly  on  10, T]  x  R  x  [-r,r]  x  R  ( 0 ,  R )  for  each  R  >  0. 
n  N 

If  u^  ♦  u  locally  uniformly  in  QT  ,  then  u  is  a  viscosity  solution  of 

3u 

+  H  ( t ,  x ,  u ,  Du )  =0  in 

>1  - 

If  moreover  uQn  ♦  uniformly  on  R  and  un  +  u  uniformly  on  Q  , 
then  u  is  a  viscosity  solution  of  (0.2). 


Now  we  give  a  result  which  describes  the  evolution  in  time  of  the  "off 
the  diagonal"  difference  of  the  viscosity  solutions  of  two  problems  of  the 
form  (0.2).  To  this  end  choose  0  e  C*(RN)  and  y  e  CQ(R)  so  that 


0  <  0  <  1,  0(0)  =  1,  |D0|  <  2  and 
0(x)  *0  if  |x|  >  1 


0  <  y  <  1,  y(0)  =  1  and 
Y(t)  =0  if  |t\  >  1  . 


For  e  >  0  set  0g(x)  “  5(g)  and  Y£(t)  =  •  We  have 

Proposition  1.4.  Let  u,u  e  BUC(QT)  be  viscosity  solutions  of  the  problems 


—  +  H(t,x,u,Du)  =0  in 


u(x,0)  =  uQ(x)  in  R 


+  H(t,x,u,Du)  =0  in  Qt 


u(x,0)  =  uQ(x)  in  R 


—  u  —  n  N 

respectively,  where  uQ,  uQ  e  BUC(R  )  and  H,H  :  [0,T)  xr  xrxR  +r 

satisfy  (Hi)  and  (H3)  with  the  same  constant  y  <0  for  each  R  >  0.  Let 

R 


R«  »  max(lul,lul)  and  y  =  y  .  If  for  R  >  R  and  c  >  0,  D  ,  A  are  such 


that 


and 


Dg  =  {(x,y)  e  R"  x  RN  :  |  x-y  |  <  e} 

A£  =  {( t ,x,y ,r ,p)  e  [  0  ,T  ]  X  rN  X  rN  X  R  X  rN  .  (x,y)  e  D g, 

6R  I YlT 

|r|  <  min  ( lul ,  Iv  I! ) ,  |p|  <  min( - - -  +  1,  l)} 

where 

-  (* (**) ) 

L  =  min(  sup  9Du(*,t)I,  sup  i)Du(*,T)ll) 

[0,T]  [0  /  T] 

then  for  every  t  e  [0,T] 

sup  { |  u(  x,  x  )-u(y ,  X ) |  +  3Re  ^TBg{x-y)}  <  e  YT  sup  { I uQ ( x)-uQ ( y ) |  + 

(x,y)eD£  (x,y)eDg 

(1.7) 

+  3RSg ( x-y ) }  +  e  YTt  sup  |H(t,x,r,p)  -  H(t,y,r,p)| 

(t,x,y,r,p)eAg 

Remark  1.4.  The  assumption  that  H,  H  satisfy  (H3)  with  the  same  constant  is 

not  important.  It  is  made  only  for  simplicity.  Moreover  one  can  always 

reduce  to  the  case  y  <  0  for  every  R  >  0. 

K 

Proof  of  proposition  1.4.  For  x  e  [0,T]  let  m^t  x)  be  defined  by 

(1.8)  m*(x)  =  sup  {(u(x,x)  -  u(y,x))  +  3Re  YT0  (x-y)}  .'  ' 

(x,y)eDe  L 

Then  obviously  (1.7)  follows  from 

(1.9)  m^fx)  <  e  YTm*(0)  +  e  YT  sup  |H(t,x,r,p)  -  H(t,y,r,p)|  /JeY°do 

(t,x,y,r,p)eA £ 


(*) 

For  u  :  0  -+  R,  |j  Du  | j  denotes  its  T.ipschitz  constant.  If  u  is  not 
Lipschitz  continuous,  then  ||Du||=  <*>. 

(**) 

r  (r  )  denotes  the  maximum  of  r  (respectively  -r)  and  0. 
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in  view  of  Proposition  1.1 


Moreover,  since  m*  e  C([0,T])  (u,v  e  PMCtQ^)), 

+ 

anil  Remark  1.3,  it  suffices  to  show  that  m”(i)  is  a  viscosity  solution  in 
( 0 ,T )  of 

(1.10)  (m*)'  +  ym"  <  sup  | H( t , x, r , p)  -  H(t,y,r,p)| 

(t,x,y,r,p)6A 

Finally  here  we  work  only  with  m+,  since  for  the  proof  of  the  m  case,  one 
uses  exactly  the  same  arguments. 

To  this  end,  for  n  e  C  ((0,T))  let  T  e  (0,T)  be  such  that  m  -  n 
attains  a  strict  maximum  on  I  =  [x-a,  r+a]  c  (0,T)  for  some  a  >  0.  We  want 
to  show  that 

(1.11)  n'(T)  +  ym+(t)  <  sup  |H(t,x,r,p)  -  H(t,y,r,p)| 

( t , x,y , r ,p)eA £ 

+  A  — >  T  A  “YT 

If  in  ( t )  =  3 Re  then  T  is  a  local  maximum  of  3Re  -  n(T)  in  (0,T), 

since  for  every  T  e  [0,T]  it  is 

+  —  y  T 

m  (t)  >  3Re 


Thus 


n'(T)  =  -y3Re  YT  =  -ym+( t) 

and  (1.11)  is  obviously  satisfied.  So  without  any  loss  of  generality  we  may 
assume  that 


(1.12) 

In  this  case  and  for 


5 (x,y, T , s ) 


(1.13) 


<5 


>  0, 

(u(  x. 


+•  -  YT 

m  (T)  >  3Re 

N  N 

let  $  :  R  *r  x  x  x  i  >  R  be  defined 

.  J  T+s ) 

—  +  1  2 
x)  -  u(y,s))  +  3Ke  3£(x-y)  + 

T+s 

+  (3R  +  2lln!l)  r5(  t-s)-n<~) 


by 


wliere  y^(t)  =  y(t/6)  is  defined  by  (1.6).  Since  >5  is  bounded  on 
II  W 

R  x  r  x  i  x  1,  for  every  6  >  0  there  is  a  point 
N  M 

(’*^»y^»f^»s^)  e  R  x  R  x  I  x  I  such  that 


*(Vyi'W  >  N  SF  *  ■  6  • 

R  XR  XI  XI 


Next  select  C  e  CQ(RN  x  rN)  satisfying  0  <  5  <  1,  Ctx^y^}  =  1,  I D c!  <  1 
N  N 

and  define  ¥  :  R  xr  x  i  x  i  +  r  by 

(1.14)  ¥(x,y,T,s)  =  *(x,y,T,s)  +  26c<x,y)  . 

Since  ¥  =  ♦  off  the  support  of  C  and 

1'<x1#y1»T1»s1)  =  *(x1<y1,T1,s1)  +  26  >  syp  4>  +  6 

R  XR  XI XI 

there  exists  a  ^xo 'yo ' T0 ,S0 ^  e  rN  x  rN  x  1  x  1  such  that 

(1.15)  ¥(x0,y0,t0,s0 )  >  ¥(x,y , T, s )  for  every  (x,y,T,s)  e  RN  x  rN  x  i  x  i 


Moreover  for  6  <  R/2 

(1.16) 

Indeed  suppose  not.  Then  (1.15)  and  (1.6)  imply 


ITq-Sq!  <  6  . 


*  T 

—  Y  ( T+Ot )  0  0  ~ 

2R  +  3  Re  TlT  -  nf-5^)  +  26  >  ¥<  xQ,yQ ,  TQ  ,sQ  )  >  ¥(x,  x,  T+a,  T+a) 
>  3Re  +  3R  +  2  Ini  -  n(T+a) 


i.e. 

i.e. 


26  >  R  +  2lnl  -  n(x+a)  +  n(— t-— ) 


6  >  R/2  . 


Now  we  assert  the  following  about  *xo'yo' T0's0^' 


As  6+0  | xq~Yq I  <  e,  t0»s0  ♦  t  and 


(1 


.17)  < 


.  To+so 

~T( — = — ) 


<U<VV  “  u(yo'so>)  +  3Re 


Se(x0-y0)  =  (u(xQ, tq) 


T+S 
,  0  0. 
"Y(  ~ — > 


u(yQ,s0) )  +  3Re 


2  WV  *  m+(T) 


Indeed  let  6  be  so  small  that 

26  +  |n(s)  -  n(t)|  <  R 


for  |s-t|  <  6/2.  If  |x  -y  |  >  e,  then  (1.5),  (1.15)  and  (1.16)  imply 
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T+s 

2R  +  3R  +  2 II  n*  +  26  -  n<  - )  >  'HxQ  ,yQ  ,  Tq  /  sQ  )  >  ¥(x,x,  tq,  i0>  > 


>  3Re 


+  3R  +  2 U n U  -  n(  tq  ) 


To+so 

i.e.  26  +  n ( Tq )  -  n( — - — )  >  R 

which  is  a  contradiction.  Note  that  here  is  where  we  really  used  the 

assumption  y  <  0.  Moreover,  suppose  that  as  6  -*■  0  r  , sQ  •*  T  e  I  along  a 

subsequence  (which  for  simplicity  is  denoted  in  the  same  way  as  the 

sequence).  Again  (1.15),  together  with  the  facts  that  u,u  e  BUCfQ^)  and 

N  N 

( Xq— y0 I  <  e,  implies  that,  for  every  (x,y)  e  R  x  R  and  r  e  I,  it  is 

.  X  (  T  +g  )  ■[  +g 

e  2  0  0  l“(y0.T0)  -  u(yQ ,  sQ  )  |  +  m+(T0)  -  n(~~f'0>  +  26  + 

+  3R  +  2 1 nl  >  y(x:0  ,yQ .  xQ  ,sQ  )  >  WK,y,T,T)  >  3R  +  2inll  + 

+  (u(x, T )  -  u(y,T))+  +  3Re  TT3£(x-y)  -  n(T) 


i.e. 


-  -1  (  T  -fg  )  x  +s 

e  2  0  0  l  U  ( yQ  ,  XQ  )  -  u(y0,sQ)|  +  m+ (  tq  )  -  nf-—-  °)  +  26  * 


>  m  (T)  -  n(T)  . 

Letting  6+0  we  get 

m+(r)  -  n(x)  >  m+(x)  -  n(T)  for  every  t  e  I 
But  then  T  =  t,  since  T  is  a  strict  maximum  of  m+  -  n  on  I.  Next 
observe  that  (1.15)  and  the  fact  that  rQ,sQ  -►  t  as  3  *  0  imply  that 


m+(T)  -  n( T )  >  lira  {(u(x  ,T  )  -  u(y0,sQ))+  +  3Re 
6+0 


-y- 


t  +s„ 
0  0 


WV*  '  nlT)  > 


T0+s0 


>  lim  { (u( xq , Tq )  -  u(y0,sQ))+  +  3Re  2  3e(x0-yo)^  ”  n(T)  * 

1+0 


>  m  (t)  -  n( x) 


-11- 


ro+so 


.  +  _  "  2 


i<e*  (U(X0'T0)  "  U(y0's0n  +  3Re  3e(x0-y0)  -  m  {  T )  . 

Finally,  if  along  some  subsequence  6+0,  it  is 


(U(W  •  u(y0's0))  =  0 

then 

m(  t)  <  3Re"YT 

which  contradicts  (1.12). 

Next  observe  that  <X0,T0)  e  QT  is  a  local  maximum  of  (x,D 

T+S  „ 


-y- 


2  T+S„ 

3Re  3£(x-y0)  +  (3R+2ynl)Y6(x-s0)  +  26C(x,y  )  -  n<— A  and 


Vs 


_  “ 

<y0's0)  e  Qt  is  a  local  “linimum  of  (y,s)  *  u(y,s)  -  3Re  2  ^£(xQ 

Tn+S 

(3R+2lnH)Y(5(T0-s)  -  26c(xQ,y)  +  n(  — — ).  m  view  of  (1.1)  and  (1.2) 


VS0 

(3R+2lln»)Y-(T0-s0)  ^n'(^)  +  *  3Re  "^""(^(x^ )  + 


+  H(VVU(W'  “  3Re 


-r- 


T  +S„ 
0  0 


Dae(x0-y0>  -  “V'W 


and 


0  <  -(3R+2«n#)Y^(T0-s0)  -  j  n'C^I  -  *  3Re 


-r- 


To+so 


VW 


T  +S 
0  0 


+  H(so'yo,u(yo,so)'  “  3Re  D8e(x0-y0>  +  2'5DyC(xO'yO)) 


Combining  these  two  inequalities  we  obtain; 


VS0  ~  2(T0+S.1)  -I(T+s 

n.(_)+Y3R,  Vxo-V  <«xo'y0'“<y0'-0>*  "3Re  2  °  ° 


■  U  (  X  ,  T  )  + 

-y)  - 

we  have 

)  <  0 


D3t(x0-yo’  + 
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2<5n 


rc(Vy0>>  '  H(Vxo'u(W'  -  3tle  2  °  °  DBe(xo-yo)  ‘  2«V<Vyon- 


To  continue  we  assume  that  Hull  -  min (  Hu  II ,  lu  I! ) .  (If  not  then  one  has  to 
modify  the  rest  of  the  proof  in  an  obvious  way.)  Then  in  view  of  (1.17)  and 


(H3 )  and  for  6  small,  we  have 


Vso 


n1 (“ ~ — )  +  y{(u(x0,tq)  -  u(y0,30>)  +  3Re 


rW 


Se(x0-y0)}  < 


<  5(s0,y0,u(y0,s0),  -3Re  2  0  °  DBe(x0-y0>  +  2  6Dy  c  ( >c0 ,  y  Q  ) )  - 


—  ^  (  T  +S  ) 

-  H(T0,xo,u(yo,so),  -3Re  2  °  0  DB£(x0-y0)  -  2 6DxC<xQ ,yQ > >  . 


Next  observe  that  for  5  <  1/2 


|-3Re  D0e(xQ-yo)  +  2«DyC(x0,y0)| , 


,(in+sn) 


-3Re  2"0'“°'D3e(x0-y0>  -  25DxC(x0,y0)l  <  ^ 


I  YlT 


+  1 


Moreover  if  L  <  00  and  (without  any  loss  of  generality)  L  -  sup  HDu( *, l)  I, 

0<tCT 

then,  since  xQ  is  a  maximum  point  of  the  mapping  x  ♦  u(x, tQ)  + 

-  }<  W  « 

+  3Re  3£(x-yo )  +  26q(x,yQ),  for  x  e  R  we  have 


3 Re  2<  °  So)B£(x-y0)  +  26c(x,yQ)  -  3Re  2  °  °  S£(x0-y0)  -  25c(x0,y0)  v 


<  L|x-xq| 
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But  this  implies  that 


~  2<TOtS0) 

|3Re  D0e(xO-yO)  +  26DxC(xO'yO)l  4  L 


Combining  all  the  above  we  obtain 

T  +S  *  f  +g  ) 

n*  (  "  )  +  y{(u(xq,t0)  -  u(yQ  ,sQ ) )+  +  3Re  2  0  0  8e(xQ-y0)}  < 

—  “^  (  X  +S  J 

<  H(T0,y0,u(y0<s0)/  -3Re  2  °  °  ng^-y^  -  2  ,yQ ) ) 


-  2(T0+S0) 


H(VVu(yo'V'  "3Re 


+  id  .  .  (46) 

6RelY|T 

H,  raax(— -  +  1,R) 


Dee(X0_y0)  “  25DxC(X0'y0>) 


<  sup 

(t,x,y,r,p)eA 


|H(t,x,r,p)  -  H(t,y,r,p)|  +  to  |^|T  (46) 

H,  max(— -  +  1,R) 


where  for  R  >  0,  to _ (a)  denotes  the  modulus  of  continuity  of  H  on 

H,P 

[0,T]  x  rN  x  [-R, R]  x  B  (0,R).  Letting  540  in  the  last  inequality  we  get 

N 

(mi). 


Next  we  use  Proposition  1.4  to  establish  several  properties  of  the 

viscosity  solution  u  e  BUCtQ^)  of  (0.2).  In  particular,  we  describe  the 

evolution  in  time  of  the  norm,  the  modulus  of  continuity  (in  the  x  variable) 

and  the  Lipschitz  constant  (in  the  x  variable)  if  u(*,t)  e  )  for 

b 

t  e  (0,T).  Moreover  we  give  an  estimate  for  Iu(*,T)  -  u^ I  in  the  case  that 

u„  e  Before  we  state  the  results  we  introduce  a  notation  for  the 

o  b 

modulus  of  continuity  of  a  function  f  :  0  *  R.  It  is 

(1.18)  u>  (r)  =  sup  |f(x)  -  f(y)| 

I  x-y | <r 
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rn  Tl  x  R1  x  R  *  R*  +  *  satisfy  (Hi)  and  (H3)  with 

Proposition  US:  Let  H  *  W.Tl  *  * 

>  „  for  u„  e  BUC(rP),  U  e  BUC(Qt)  is  a  Viscosity 

>1  <0  for  every  R  >  °*  f  0 

R  .  »  •  v  =  v  .  The  following  are  true 

solution  of  (0.2),  let  k  ^  r 

(a)  If  H  satisfies  (H2),  then 


(1.19) 


,.,x)l  <  e'YTdC  *  lu0D  for  every 


T  e  10, Tl 


where  C  is  given  by  (H2). 

(b)  u  H  satisfies  <H4>.  then  for  1  >  r  >  0 

d.20)  •*...,><*>  «  ^T<2Vr>  +  TA12Re(^ 

(c)  If  H  satisfies  (H5)  and  for  every  T  «  to 

L  =  SuP  I Du ( • , T ) » ,  then  for  every  te  10,11 
0<t<T 


(2r) )  for  every  T  e  10, T) 


t  e  10,T),  u(-,T>  e  C°'’(RN)  with 


(1.21) 


.ouctl.  <  «',X  *  ’tVUl,n 


(1.22) 


T(2C  e_Yr-  I) 

L  <  e  R  <L0  +  TCR> 


<d)  If  uoec;-'.^(  then 


(i.23)  i»(..t)-v«w  (X^T 

|rl<lu0» 

lpl<IDUQl 


*T  sup  |H(t,x,r ,p) !  for  every  telO.Tl 


(e)  IE  £or  «very 


T  e  (0  T]  u(-,t)  e  and  sup  IDU( -,T)S  <  b, 

T  c  u'  9  1  b  (Kt<T 


u  e  C°' 1 (Q_)  and  for  t,s  C  [0,Tl 

D  * 


(1.24)  Hut •  ,T)  -  u(*,s)H  <  | T-s | e  ^  sup  _  |H(t,x,r,p)| 

(x,t)eyT 

I  r  |  <  Hu  II 
|p|  <L 


Proof .  (a)  We  apply  Proposition  1.4  to  u  and  u  =  0  which  is  an  obvious 

viscosity  solution  of  the  problem 


— +0=0  in  0 
3t  T 


N 

u(x, 0 )  =  0  in  R 


Then,  for  T  e  [0,T]  and  e  >  0,  (1.7)  implies 


lu(*,T)l  +  3Re  <  sup  { | u ( x, t) |  +  3Re  YT0  (x-y)}  < 

(x,y)eDe  E 

<  e  YT  sup  {|Uq(x)|  +  3Re  ^T}  +  e  YTx  sup  |H(t,x,r,p)| 

(x,y)eDe  (t,x,y,r,p)eAe 


But  in  this  case 

A£  =  {(t,x,y,r,p)  :  t  e  (0,T],|x-y|  <  e,|r|  <  min(  llu  II ,  0 ) , 


Ipl  <  min( 


6Re 


|y|T 


+  1,0)}  =  {(t,x,y,0,0)  :  t  e  [0,T],  \ x-y I  «,  e} 


So 


sup  |H(t,x,r,p)|  =  sup  _  |H(t,x,0,0)|  =  C 

(t,x,y,r,p)eA£  (t,x)eQT 

This  implies  (1.19). 

N 

(b)  For  1  >  r  >  0  fixed,  let  (  S  R  be  such  that 

I  Cl  <  r  . 


If  u  :  Q  ♦  R  is  defined  by 

u(  x,  x)  =  u(  x+  5,  x) 


-16- 


then  obviously  u  e  BUCfQ^).  Moreover  u  is  a  viscosity  solution  of 


3u 


+  H(t,x+£,u,Du)  =0  in  Qt 


u( x,0 )  =  Uq (x+5)  in  R 


To  see  this,  we  have  to  check  (1.1)  and  (1.2).  Here  we  only  prove  (1.1), 
since  the  proof  of  (1.2)  is  identical.  To  this  end,  observe  that,  if  for 

W  — 

♦  e  C  (Qt),  (x0,Tg)  6  ^  is  a  local  maximum  of  u  -  $,  then  (Xq  +  £,t0) 
local  maximum  of  u  -  ♦,  where  <|/(y,T)  *  $(y-?,T).  By  (1.1)  we  have 

14 


3t  (V*'V  +  h(t0,xq+5,u(x0+C,t0),d*(x0+C,t0)>  <  0 


i .  e . 


ii 


3t  <W  +  H(t0,x0+5,u(x0,t0),D*(x0,t0))  <0 


Now  applying  Proposition  1.4  to  u,  u  for  T  e  [0,T]  and  e  »  r  we  have 


suplu(x,T)-u(x+£,T)|  +  3Re  <  sup  {|u(x, T)-u(y+C, T) |  +  3Re  YT0  (x-y) }  < 
x6R  (x,y)eDr  r 


<  e  sup  |uQ (x)-u0 (y+£) |  +  3Re  +  e  ^Tt  sup  |H(t,x,s,p)  - 

(x,y)eDr  (t,x,y,s,p)eAr 


-  H(t,y+C,s,p) | 


But  in  view  of  (1.18)  and  (H4) 


and 


sup  |u0(x)  “  Un^y+5J1  *  u  (r*|£l)  <  2<d  (r) 

(x,y)eDr  u0  u0 


sup 


(t,x,y,s,p)eA 


|H(t,x,s,p)  -  H(t,y+C,s,p) |  <  sup 


{|H(t,x,s,p)  - 


te[0,T) 

I  x-y  |  <r 
I  s  |  <R 


IpI  < 


6Re 


lYl 


+  1 


H(t,y+C,s,p> |>  <  A  .  .  (2r) 

12Re  Tl  +1 


thus  the  result. 
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(c)  For  (  8  1  define  u  :  Q„  ♦  R  by 

T 

u(x,X)  »  u(x+£,x) 

Then  u  e  BUC(QT),  u(*,x)  e  C^'^(RN)  for  every  x  e  BUC(RN)  and  as  shown  in 

(b),  u  is  a  viscosity  solution  of 

{3u  -  - 

+  H(t,x+C» U/Du)  »  0  in  Qt 

u(x,0)  =  uQ(x)  in  R** 

Applying  Proposition  1.4  to  u,  u  for  x  e  [0,TJ  and  e  >  0  we  have 

sup|u(x, x)-u(x+£,x)|  +  3Re~YT  <  sup  {|u(x, X)-u(y+C, x) |  +  3Re”YTB  (x-y)}  < 

x  (x,y)eD£  £ 

<  e  YT(  sup  |u  (x)  “  u  (y+C)|)  +  3Re  YT  + 

(x,y)eoe 

+  e  YTt  sup  |H(t,x,r,p)  -  H(t,y+£,r,p) | 

(t,x,y,s,p)eA£ 

and  therefore 

supluU.xJ-utx+C.x)  |  <  e  YTLQ(e+U|)  + 
x 

+  e  YTx  sup  |H(t,x,s,p)  -  H(t,y+?,s,p) I 

(t,x,y,s,p)eA£ 

But  in  view  of  the  definition  of  A  and  (H5)  we  have 

£ 

sup  |H(t,x,s,p)  -  H(t,y+5,s,p) |  <  C  ( 1+L) ( e+| Cl ) 

(t,x,y,s,p)eAe  H 

Combining  the  above  and  letting  z  *  0  we  get 

sup|u(x,x)  -  u(x+C,x)|  <  e  YT[LQ  +  xcr(1+L)J|C| 
x 

and  thus  (1.21). 
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To  prove  the  second  pert  of  the  claim,  we  choose  a  positive  integer  m 


so  that 


For  i  “  let  Q^,  Q^,  and  be  defined  by 


Qi-RNx(^T. 

1  In  m 


5,-d*  >«  c^t. 

x  m  m 


'  “Is. 


and 


sup 


IDu  (  • ,  T )  I 


«[i=!  T.iil  T1 
in  in 


where  for  f  s  0  *  U  and  C  a  subset  of  0,  flc  denotes  the  restriction 


of  f  on  C.  Then  u^  e  BUCiQ^)  is  a  viscosity  solution  of 


3u. 


+  Htt.XjU^Du^  -0  in  Qi 


u.  (x,  X— -  T)  *  u(x,  — -  T)  in  EN 
X  in  in 


where  the  obvious  extension  of  Definition  1.1  has  been  assumed  here.  Applying 
the  first  part  of  the  claim  to  u^  we  obtain 


li‘*  *(Lt-i  *CR?UV> 


i.e. 


-y  2 

Li<e  W(Li  +  CRi(ULi)) 


t  •  6  • 


Li  < 


-yT/m  _ 

iV"V»  (Li-1  +  CR  S5 


1-C  - 

R  a 
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i .  e. 


L .  K  e 
1 


<*,  ?> 


ai-i  *  s  w"> 


where  here  we  used  the  fact  that  for  0  <  x  <  i 


JL  c  *+X  ,  2x 

<  e  <  e 


1-x 


A  simple  inductive  argument  implies  (1.22). 

<d>  APPlyl„,  Proposition  ,.4  to  „  ,  MICap  „d  „o  ,  ^  „ 

obvious  viscosity  solution  of 


3u 

at  +  0  =  0  in 


u(x,0)  =  u0(x)  in  RN 


for  t  e  [0,T]  and  e  >  0  we  have 


sup|u(x,T)-u0(x)|  +  3Re'YT  <  sup  {|u(x,  T)-»(y>  |  ♦ 
X  (x,y)eD  0 


+  3Re_YTSe(x-y) } 


<  e 


•YT 


sup  |u  (x)-u  (y)|  +  3Pe'YT  +  e"YT 
(x,y)eDe  °  0 


sup  |H(t,x,r,p) | 

<  ■'■,x,y,r,p)eA 


therefore 


<  ,  ”L0e  .  sup  ,»(t„.t,p„  . 

(t,x,y,r,p)eA£ 

But  in  view  of  the  definition  of  A  we  have 

(t  x  ySrPD)eA  ,H(t,X'r'p)|  4  SUP  _  |H(t,x,r,P) | 
(C,x,y,r,p)eAe  (x,t)ecT 

I  r  |  <  luQ  It 

lpl<L„ 


And  thus  the  result 

(">  F°r  anY  ®e(0,T),u  is  the  viscosity  solution  of 


an 
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as  one  can  easily  check.  Then  (d),  for  t  e  [s,T],  implies 

lu( •,T)-u(*,s) I  <  (T-s)e  YT  sup  _  |H(t,x,r,p) 

(x.tjeQ.j, 

I  r  |  <lul 

Ip!  <1* 

and  thus  the  result. 
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Section  2 


He  begin  this  section  with  a  result  concerning  the  existence  of  the 
viscosity  solution  of  (0.2),  in  the  case  that  H  and  uQ  are  sufficiently 
smooth  functions.  In  particular,  we  show  that  the  solution  of  the  viscosity 
approximation 

f  3ue 

I  -  eAu£  +  H(t,x,u£,Du£)  =0  in  Qt 

(2*1>e 

^  u£(x,0)  =  uQ(x)  in  * 

converges  as  e  ♦  0  uniformly  in  Q to  a  function  u  which  is  then,  by 
Proposition  1.2,  the  viscosity  solution  of  (0.2).  Moreover,  we  give  an 
explicit  estimate  on  lu-u£l. 

Proposition  2.1.  Let  H  e  C2( [0,T]  x  rN  x  R  x  rN  )  satisfy  (H2),  (H3)  with 

T  *  Y  <  0  for  every  R  >  0  and  (H5).  For  u  e  C2(RN)  and  e  >  0,  let 

<*)  Ob 

u_  e  BUC(RN)  n  C2,1(Q_)  be  the  solution  of  (2.1)  .  Then  there  exists 
£  T  £ 

u  e  BUC ( )  such  that  u  is  the  viscosity  solution  of  (0.2)  and  u£  ♦  u 

uniformly  on  as  e  ♦  0.  Moreover,  it  is 

(2.2)  sup  lu  (•,!)  -  u ( • , t ) I  <  k/e 

0<t<T  6 

where  K  is  a  constant  which  depends  only  on  lug I  and  IDuqI. 

Remark  2.1.  M.  G.  Crandall  and  P.  L.  Lions  proved  the  above  result  in  [3]  for 
the  case  of  (0.4).  Moreover  estimates  like  (2.2)  have  also  been  obtained  by 
W.  H.  Fleming  ((5])  and  P.  L.  Lions  ([7])  by  indirect  arguments  involving 
stochastic  differential  games. 


u  e  C2' 1  (Qt)  means  that  ,  |E  e  C(QT) 

i  j 


theory.  (See  in  particular  A.  Friedman  [6] . )  Moreover,  it  is  also  known  that 
under  our  assumptions  on  H,  Uq  and  for  every  t  S  [0,T],  u£( •, t)  e  C^r1(RN). 
In  order  to  prove  the  existence  of  u  it  suffices  to  show  that  as 
e  -*■  0  {ue>  forms  a  Cauchy  family  in  BUClQ^).  Indeed  then  there  exists 
u  e  BUCtQ^)  such  that  u£  ♦  u  uniformly  in  as  e  -*•  0.  By  Proposition 

1.2  and  theorem  1.1  u  is  the  viscosity  solution  of  (0.2).  To  this  end,  we 
show  that  there  exists  a  constant  K,  which  depends  only  on  lDuQ  !  and 
luQl,  such  that  for  c,  n  >  0 

(2.3)  sup  lu  (*,t)-u  (  •,  t)  I  <K(/e+  /n) 

0<t<T  £  n 

To  prove  (2.3)  we  need  the  following  lemma: 

Lemma  2.1.  If  H,  uQ,  e  and  U£  are  as  in  Proposition  2.1,  then  for  every 

t  e  [o,t] 

(2.4)  lue(-,T)  I  <  e~YT(  luQl  +  CT) 
where  C  is  given  by  (H2)  and 

(2.5)  IDu  (  • ,  T )  I  <  e“YT(IDun1  +  tC  (1  +  L  )  ) 

e  Ore 

-yr 

where  L  =  sup  IDu  (*,t)I  and  R  >  e  (  lu,  I  +  CT).  Moreover  L 
£  A  e  0  e 

0<t<T 

satisfies 

T(2CRe_Yr-Y) 

(2.6)  L£  <  e  (IDuqI  +  TCR)  “  L  . 

We  first  complete  the  proof  of  the  proposition  and  then  prove  the 
lemma.  Observe  that  it  suffices  to  show  that  there  is  a  constant  K,  which 
depends  only  on  * uQ 1 ,  IDuQl,  such  that  for  e,  n  >  0 

(2.7) *  sup  sup„  (u  ( x,  t)  -  u  (x,t!)+  <  K(/e  +  /n) 

0<T«  xeRN  e  n 

Here  we  establish  only  (2.4)+  since  (2.4)  can  be  proved  in  exactly  the  same 
way.  To  this  end  and  for  0  =  /e  +  /n  and  R  >  e  (  lu^  I  +  CT),  let 
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m  :  [0,T]  ♦  R  be  defined  by 


(2.8) 


where 


(2.9) 


m(x)  =  sup  {(u  (x,x)  -  u  (y,x))+  +  3(R+1)e  YT8Q(x-y)} 
.  e  n  8 

|x-y|<L9 

6g(w)  =  8(^j),  with  8  e  C*(RN)  such  that 

8(0)  =  1,  0  <  8  <  1,  8(w)  =0  if  | w |  >  1 

2  /T 

l  8(w)  =  1  -  | w |  for  |w|  <  — 
and 

/T 

8(w)  <  1/2  for  |w|  >  — 


and  R,  L  are  given  by  (2.6).  We  claim  that  m,  which  is  a  continuous 
function,  is  a  solution  of  the  viscosity  inequality 

(2.10)  m'(T)  +  ym(T)  <  K^/e  +  /n) 

where  K1  depends  only  on  luQl  and  IIDu^D.  Before  we  prove  this  claim,  we 
show  that  it  implies  (2.7)+.  Indeed  in  view  of  Proposition  1.1,  Remark  1.3 
and  the  fact  that  Y  <  0,  for  every  T  e  [0,T] ,  it  is 

m(  t)  <  e  YT(m{0)  +  TK^/e  +  /n)) 

But  then 

sup(u  (x,x)-u  (x,t))+  +  3(R+1)e  YT  <  sup  {(u  (x,x)-u  (y,x))+  + 

E  n  .  C  n 

v  —  O 

|  x-y  |  <L  0^ 

+  3'R+1)e  YT8g(x-y)}  <  e  YT  sup  |uQ ( x)-uQ (y )  |  +  3(R+1)e  YT  + 

|  x-y  |  <L  92 

+  e”'yTTK1(/6  +  /n)  4  e'YT(2(L)2  +  TK  )  ( /e  +  /ri)  +  3Re”YT 

since  92  =  (^r'e  +  ^/n)2  <  2(/e  +  /n),  and  therefore 

(2.11)  sup(u£(x,T)  -  u  (x,x))+  <  e  Y  T(  2  (L ) 2  +  tK^f/e  +  /n) 

x 

OD  A 

For  the  proof  of  the  claim,  let  n  e  C  <{0,T))  and  assume  that  x  e  (0,T)  is 
a  strict  local  maximum  of  m  -  n  on  I  =  [x-a,  x+a]  c  ( 0 , T )  for  some 
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(i  >  0.  We  are  going  to  show  that 

A  A  _  - 

(2.12)  n'(T)+Ym(T)<K1(/e+/n) 

and  thus,  in  view  of  Remark  1.3.  (2.10).  If  m( x)  =  3(R+1)e'TT,  then,  for 
every  x  6  I*  we  have 


3{R+1)e~^T  -  n(T)  >  m( x)  -  n(x)  >  3(R+1)e  Y  -  n(T) 


i.e.  n*  ( t )  =  -Y3(R+1)e'yT 

i.e.  n’  (t)  +  Y*(  t)  =  0 

and  thus  (2.12).  Now  we  assume  that 

(2.13)  m(T)>3(R+1)eYT 


N  N 

and  we  define  $  :  R  XR  x  I  -*•  R  by 


(2.14)  4>(x,y,  T)  =  (ue(x,T)  -  u^y,!))*  +  3(R+1)e  YTBQ(x-y)  -  n(t) 


Since  *  is  bounded  on  R  x  rN  x  i,  for  every  6  >  0  there  is  a  point 


(Xi'Y,,1,)  e  RN  x  rN  xi  such  that 


,y1 ,  ^  )  >  sup  -  6  . 


RNxrNxi 


Next  select  i  e  c“(RNxrN)  satisfying  0  <  C  <  C<x1,y1>  -  1 >  I  < 

N  N 

I  AC  I  <  1  and  define  Y  :  R  xR  xi+R  by 


(2.15)  Y(x,y, t)  =  $(x,y,T)  +  26c(x,y) 

Since  Y  =  4  off  the  support  of  5  and 

'P(x1  ,y, ,  t,  )  =  <Hx1,y1,T1)  +  26 


there  exists  a  point  *XQ,yo'T0^  e  R  x  R  x  1  sucfl  that 


N  N 

(2.16)  V(x0,yo'T0)  *  ¥<x'y'T,  for  eVeCy  tx’y'T)  e  R  x  R  X  1  * 


We  assert  the  following  about  <xo,yn'T0) 


For  6  <  min<^,  L2«2),  1 xQ-y0 1  <  (L  +  26)6'  and  as  6  +  0 


(2.17) 


J  T0  *  "r  and  (WV  "  WV*  +  3Re  ‘VVV  = 


,  =  W  V  -  U„(VV  +  3Re  WV  *  ra(t) 
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indeed  (2.9)  and  (2.16)  together  with  the  fact  that  Y  <  0  imply  that 


2  (R+1  )e  °  +  3 (R+1 ) e  “VvV  +  26  "  n(V  *  (ue(x0,T0>  "  'VVV* 
-YT 


+  3 (R+1  )e  °8e(xo-yO>  +  26^(x0->y0)  "  nlV 


-y\ 


=  4'(x0,y0,T0)  >  '('(x.x.lp)  >  3  (R+1  )e  -  n(T0) 
26 


i  .e. 


V’vV  >  T  “ 


1  26  1 
>  3  "  3  4 


3  (R+1  )e 


Thus  in  view  of  (2.9)  4  0  an<^ 


(2.18) 


ixo'yol 

08(xO_yO)  =  1  ‘  02 


.  ,  ,  _  .  „  (v  r  ))+  =  0.  the  above  inequalities  give 

Moreover  if  <ue<xo'V  -  »>nty0«V' 

2  <5  -  r"2  ^2 

A  ( x  -V  )  >  1  •  o —  >  1  -  L  U 

V *0*0*  3 


and  therefore 


I  xo”yo 1  4  L°2 


So  we  may  assume  that  ^ue^xo'T0^  Ur/y0,T0^ 

the  fact  that  because  of  (2.16)  x„  is  a  maximum  point  -  *  ■'  -e—  *0 

+  3 (R+1 )e  YT°6Q(x-y0)  +  26c(x,y0),  for  every 


this  case,  in  view  of 
of  x  h-  u„(x,  Tn)  + 
e  tP ,  we  have 


3 (R+1  )e  °B8(x-y0) 


+  26;(x,y0)  -  3 (R+1 )e  ^vV  "  26<<VV  < 


<  u(x0,tq)  -  u(x,tq)  <  L|x-xQ| 


Therefore 


-YT 


|  3  (R+1  )e  °D&8(Xo“yO)  +  25DxC(X0'y0)  1  4  L 


i.e.  3 (R+1 )e  lDB0(xo-yo 

and  by  (2.18) 


-yt  _YT0  - 

n  -y  )|  <  i,  +  2  6  <  6  ( R+ 1 ) e  (J,+2  6) 


0* 
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i.e.  'xO_yo'  4  <L+25)°2  • 

Now  suppose  that  as  6+Otg+iei  along  a  subsequence  (which  for 
simplicity  is  denoted  in  the  same  way  as  the  sequence).  For  each  6  for 

—  2  —  u 

which  |x  -yQ|  >  L0  ,  we  choose  yQ  e  R  such  that 

I  l^o-yo1  =  *xo-yo^  +  wo-yo] 

(2.19)  \  and 

l  'v^1  =  l°2  ’ 

—  2  —  1  —2  2 
If  lxQ-y0 I  <  L9  let  yQ  =  yQ •  In  either  case  and  for  6  <  min(— ,  L  0  )  it 

is 

|x0-y0l  <  L82  and  !yQ-y0l  <  26b2  . 

So,  in  view  of  (2.16)  and  the  above  observation,  we  have  that  for  every 
(x,y,  T)  e  RN  x  RN  xl, 

+  -yT0 

‘VvV'WV’  +  3(R+1)e  VvV  + 

+  “u  (> yo-yo1’  +  3(R+1)we  Uy0-y0n  +  25  -  n(T0>  > 

h  0 

>  ‘Kx0,y0,T0)  >  1'(x,y,T)  >  (ue(x,T)  -  u^(y,T))+  +  3(R+1  )e_1,T30(x-y)  -  nd) 
and  therefore 


2  "YT0  2 

m(T  )  -  n(  T  )  +  u>  (260  )  +  3(R+1)e  w,  (260  )  +  26  > 
°  °  Un  **0 


( 2 * 20 )  *  (ue(x o'V’VV  V)++3(R+1)e  °lJo(xo'yo)  + 


+  26c(xQy0)  -  n(rQ)  »  m(x)  -  n(t) 

Letting  6+0  in  the  above  inequality  we  obtain 

m(T)  -  n( t)  >  m(t)  -  n(T)  for  every  c  e  I 
which,  in  view  of  the  definition  of  t,  implies 

_  A 

T  =  t  . 

This  proves  that  as  6  ♦  0  tq  -»  r.  Moreover  in  this  case,  (2.20)  also  implies 
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-y*n 


m(T)  -  n(T)  >  lim  {  (ue(xq  ,  tq  )-un(y0  ,  tq  ) )  +  3(R+1)e  °Sg(x0-y0)}  -  n( t)  > 


+  ~yTo 

*  lim  {(ue(xo,To)-un(yO,T0))  +  3(R+1)e  30(xo-yo)}  -  n(T)  > 


6+o 

>  mt  t )  -  n(T) 


+  "YT0 

i.e.  lim  { (ug ( xQ , tq (yQ , tq ) )  +  3(R+1)e  6Q( x0~ yo )  ^  =  m( T)  * 

6+0 


Finally,  for  the  last  claim  of  assertion  (2.17)  observe  that  if  along  some 
subsequence  6+0 


(ue(VV  ■  un(y0'T0)>  =0 


then 


m(  T)  <  3 (R+1  )e 


-yt 


which  contradicts  (2.13). 


Next  observe  that,  for  6  sufficiently  small,  TQ  is  an  interior 


■  YT 

maximum  point  of  t  -►  u  (x.,t)  -  u  (y.,T)  +  3(R+1)e  8Q(x  -y„)  -  n(  t)  in 

e  u  n  u  o  u  u 


I,  therefore 
3u 


3u  -yt 

dT  (xo'To)  ’  iT1  (W  '  Y3(R+1)e  WV  "  n’(To)  =  0  • 


•KTn 


Moreover,  xn  is  a  maximum  point  of  x  ♦  u  (x,t  )  +  3(R+1)e  8Q(x-y„)  + 

u  GO  0  0 

+  26?(x,yQ)  in  ff1  and  y0  is  a  minimum  point  of  y  +  u^(y,T0)  - 

-r<n 


-  3(R+1)e  O80(xo-y)  -  26<;(xQ,y)  in  RN.  Therefore 


■TTn 


Due<X0 ' T0 ’  *  ~3(R+1)e  DS8(x0-y0)  "  26DxC(x0'y0) 


Dun(y0' T0)  =  “3<R+1)e  ^VV  ♦  26DyC(x0,y0) 


and 
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-YTo  _ 

+  6 ( r+  1 ) e  (/e  +  /n)  +  2 6(  e+  n) 

where  above  we  used  the  fact  that 

-Yf0 

3  (R+1  )e  u  |  D  B0<  JCQ-y0  )  1  <  L  +  26  . 

Letting  5  +  0  implies 

n'(t)  +  iro(T)  <  2(Cr  L(1+L)  +  3(R+1 )e”YT)(/e  +  /n) 
and  thus  (2.12)  with 

K1  *  2<Cr  L(1+L)  +  3(R+1)e_lT)  . 

Remark  2,2.  Note  that  the  above  proof  gives  a  sharper  estimate  on  lu^-u^l 
and  thus  lu£-ul,  than  the  one  stated  in  Proposition  2.1.  In  particular  we 
proved  that  for  (x,t)  e  QT 

(2.21)  | u  (x,T)  -  u  (x,T)|  <  e"YT(2(L)2  +  2(C  L(1+L>  +  3(Rt1  ) )  T)  (  +  /T, ) 

e  n  k 

as  one  can  easily  check  using  Proposition  1.1  and  the  last  inequality  in  the 
proof. 


Proof  of  Lemma  2.1.  Here  we  prove  a  more  general  estimate  which  has  (2.4)  and 
(2.5)  as  special  cases.  In  particular,  for  e  >  0,  let 

H,H  S  C2(  [0,T]  x  rN  x  r  x  rN)  satisfy  (H2),  (H3)  and  (H5)  with  the  same 
b 

constants  C,  CR  and  y  =  yR  <  0  for  every  R  >  0.  Moreover,  let  u^, 

u.  e  C2(RN)  n  BUC(RN).  If  u  ,  u  e  are  solutions  of 

ub  e  e  b  T  __ 

(  3u  (  3u 


3t - eAu£  +  H(t,x,ue,Du£)  =0  in  QT 


u  (x,0)  =  u„(x)  in  R 
e  0 


and 


3t 


e6u£  +  H(  T,X,U  , Du  )  =  0 


^u£(x,0)  =  uQ(x)  in  R 


respectively,  then  for  every  T  e  [0,T] 


in  ftj, 
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(2.22) 


sup I  u  ^(  x, t)  -  u£(x,x)|  <  e  ^Tsup|uQ(x)  -  uQ(x)|  + 

X  X 


where 


+  te  sup  _  |H(t,x,r,p)  -  H(t,x,r,p)| 

(x,t)eQ 

1  r |  <min(  lu  1,  lu  I) 

_e  e 

|p|  <min(L  £,L  ) 

L  =  sup  IDu  (*,X)I,  L  =  sup  IDu  (  •,  x)  I 
E  0<x<T  e  E  0<x«T  e 


As  usual,  without  any  loss  of  generality,  here  we  only  prove  that  for  every 
T  e  [0  ,T] 

—  +  —  VT  —  -4- 

sup(ue<x,T)  -  u£(x,  x))  <  e  sup(uQ(x)  -  uQ(x))  + 

X  X 


(2.23) 


+  te 


-yt 


sup  _  | H( t , x, r ,p)  -  H(t,x,r,p)| 


U.tleQ  _ 

I r  |  <min(  lu  I,  lu  I) 

_e  e 

|p|  <min(L  £,t  I 

To  this  end,  let  m  :  [0,T]  *  R  be  defined  by 

m(t)  »  sup(u£(x,x)  -  u£(x,  x))  +  . 

x 

We  claim  that  m  ,  which  Is  a  continuous  function,  is  a  viscosity  solution  of 

m*(x)  +  ym(x)  <  sup  _  lH(t,x,r,p)  -  H(t,x,r,p)| 

(x.t)eQ  _ 

|r|  <min(  lu  I,  lu£l) 

|p|  <min(L£,L£) 

This,  in  view  of  Proposition  1.2  and  Remark  1»3,  proves  (2.23).  To  prove  the 

40  * 

claim  let  n  e  C  (<0,T>)  and  assume  that  t  e  (0,T)  is  a  strict  maximum  of 
m  -  n  on  I  *  [x-a,  x+a]  (0,T)  for  some  a  >  0.  We  want  to  show  that 


n' ( x)  +  yw( T)  < 


(2.24) 


sup  _  | H ( t , x , r , p )  -  H(t,x,r,p)| 

(x,t)eQ 

I  r  |  <min(  lu  I,  lu  I) 


|p|  <min(L  £,L  ) 

If  m(T)  *  0,  then  x  is  minimum  of  n  on  I,  therefore  n' ( x)  =  0  and 
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(2.24)  is  satisfied.  So  without  any  loss  of  generality  we  may  assume  that 


(2.25)  m( T)  >  0  . 

N 

In  this  case  let  $  :  R  x  I  -*■  R  be  defined  by 

*(x,T)  =  (u£(x,t)  -  u£(x,t))+  -  n(T) 

M 

Since  $  is  bounded  on  R  x  I,  for  every  5  >  0  there  is  a  point 
N 

( x  « t  j )  e  R  xi  such  that 

♦  (X^,T^)  >  Sup  itx,!)  -  6 
(x,  T)eRN  XI 

Next  we  choose  C  e  c”(RN)  so  that  0  <  =  1,  | D  c I  <  1  and 

I  Ac  I  <  1  and  define  ¥  :  rN  x  i  +  rN  by 

1<(x,t)  =  #(x,t)  +  26c(x) 

Since  ¥  =  *  off  the  support  of  c  and 

¥(x1,t  )  >  sup  #(x,t)  +  6 

N 

tx.DeR  xi 

there  is  a  point  (x0'To*  e  rN  x  1  such  that 

(2.26)  '('(XpjTg)  >  ¥(x,  x)  for  every  (x,  t)  e  RN  x  i 
Moreover 


As  6  +  0  Tg  +  T  and 


(2.27) 


(ue(W  "  WV'  =  WV  "  WV  *  m(T) 


Indeed  suppose  that  as  5+0  +  x  6  I  along  a  subsequence  (which  for 


simplicity  is  denoted  in  the  same  way  as  the  sequence).  Then  (2.26)  implies 


m(  xQ  )  +  26  -  n(Tg)  >  (u£(x0>tq)  -  u£(Xg,  ) )  +  26  -  n(  xQ  )  >  m<  T)  -  n(T) 


therefore  as  6+9 

m(T)  -  n(t)  >  m( t)  -  n( t)  for  every  T  S  I 


which  in  view  of  the  definition  of  T  gives 


I 


In  this  case  (2.26)  also  implies 


m(T)  -  n ( t )  >  lim  (u£(x0,tq)  -  ue(x0'T0>>  -  n(t)  > 

5+0 


thus 


>  lim  (u  £  (  xq  /  iQ  )  -  u  £  ( x  ^ ,  tQ  ) )  -  n(T)  >  m(  t)  -  n(r) 

5+0 


lim  (uE(x0,x0)  -  ue(x0,TQ))  =  m(T) 
5+0 


Finally,  if  along  some  subsequence  5+0 

(ue(x0'V  '  “e(W,+  “  0 

then  m(T)  *  0  which  contradicts  (2.25). 

Next  observe  that  for  5  sufficiently  small  is  an  interior  maximum 

point  of  T  ♦  u£(xq,t)  -  U£(xq,t)  -  n(x)  in  I.  Moreover  xQ  is  a  maximum 
point  of  x  ♦  u£(x,tq)  -  u £ ( x , Tq )  +  25?(x)  in  if1.  The  above,  together  with 
the  fact  that  u£,  u£  satisfy  the  equations  stated  at  the  beginning  of  this 
proof,  imply 

n '  ( Tg  )  <  25e  +  H(  tq  ,xQ  ,u£(xQ  ,  tq  ) ,  Du£(x0,tq))  - 
-  H(tq,x0,u£(x0,t0  ),  Du£(xq,t0)) 

If  (without  any  loss  of  generality)  we  assume  that  lu£l  =  *in(  lu  I,  lu  £  I ) 

and  L  =  min(L  ,L  ),  then 
e  e  e 

n'(t0)  +  Y(u£(x0,t0)  -  u£(x0,t0))+  <  25e  +  H(t0.x0,u£(x^,t0),  - 

•  H(To'xo'ue<xo'To)'  °VW  ■  « 


<  25e  +  w, 


.  -  (25)  +  sup  _  j H (t  , x , r , p )  -  H(t,x,r,p)| 

H,max(lu£l,L£)  (x,t)eQT 

I  r  (  <min  lu  I 

Ipl  «*_ 


Letting  5+0,  in  view  of  (2.27),  we  obtain  (2.24). 
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I 


Since  (2.4),  (2.5)  and  (2.6)  follow  from  (2.22)  the  same  way  that  (1.19) 


(1.21)  and  (1.22)  follow  from  (1.7)  we  omit  their  proof. 

Remark  2.3.  Estimates  similar  to  (2.4)  and  (2.6)  already  exist  in  [6),  where 
they  are  proved  via  arguments  of  the  parabolic  theory. 


Now  we  continue  with  the  proof  of  theorem  1.  First  however  we  give  a 
short  description  of  the  arguments  we  are  going  to  use.  In  particular,  we 
approximate  H  and  ufl  in  a  suitable  way  so  that  the  resulting  problems  have 
viscosity  solutions  (by  Proposition  2.1),  which  in  view  of  Proposition  1.5 
satisfy  some  estimates.  Then  using  Proposition  1.4  we  can  conclude  that  (0.2) 
has  a  viscosity  solution. 

Proof  of  theorem  1 .  For  the  given  uQ  and  H  and  regardless  of  whether  H 
satisfies  (H4)  or  (H5)  let  RQ  >  0  and  TQ  >  0  be  such  that 


(2.28) 


2  lUg  I  +  C  +  1  <  RQ 


I  -V» 

{  e  (  lUQ  I  +  (C+1  )TQ  )  <  Rg 


where  C  and  y  are  given  by  (H2)  and  (H3)  respectively.  Note  that 
0 

throughout  the  proof  we  assume  that  y  <0.  This  does  not  impose  any 

R0 

restrictions  since  one  can  always  reduce  the  problem  to  this  case. 


The  claim  is  that  (0.2)  has  a  unique  viscosity  solution  on  Q  .  The 

T0 

uniqueness  follows  from  Theorem  1.1  so  here  we  have  to  establish  the 


existence.  To  this  end,  we  first  observe  that  it  suffices  to  assume  that 

u.  8  C^(RN).  Indeed  for  the  given  un  S  BUC(RN),  we  can  find  a  sequence 
Ob  ° 

2  N 

u.  e  C.  (R  )  so  that 
0  ,n  b 

lu„  I  <  lu.I 
0 ,  n  0 

and 
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Iu„  -  u„  I  +  0  as  n  +  00  . 

0,n  0 

—  2  N 

If  (0.2)  has  a  viscosity  solution  e  BUC(QT  )  for  every  uQ  e  Cfe(B  ), 

*0  ' 

then  in  view  of  (1.19) 

lu  I  <  R„ 
n  0 


for  every  n,  therefore  by  theorem  1.1 


lu  ~  u  I  <  e  lu  -  u„  I 
n  m  o,n  0,m 

i.e.  there  exists  a  u  e  BUC(Q_  )  such  that  u  ♦  u  uniformly  on  O  as 

T.  n  T 

0  0 

n  ♦  ®.  Then  Proposition  1.3  implies  that  u  is  a  viscosity  solution  of 


Next  for  every  positive  integer  l,  let  :  tO,TQ]  x  rN  x  r  x  rH  +  R 

be  defined  by 


(2.29)  H^t.x.u.p)  -  W(P/i) 


H(t,X,u,p) 


for  I u |  <  Rn 


H(t,x,  -y~  Rq ,p)  for  I u |  >  RQ 


where  w  e  CQ(R  )  is  such  that 


(2.30) 


0  <  w  <  1 


w(p)  =  1  for  |p|  <  1 
w(p)  =  0  for  |pi  >  2 


It  is  easy  to  see  that  for  every  A 

(i)  e  BUC([0,Tq]  x  rN  x  r  x  rN) 

(ii)  sup  |H(t,x, 0,0)|  =  C 

(x.oeftj, 


(iii )  H  (t,x,r,p)  -  H  ( t ,x,s,p)  >  y  (r-s)  for  every  (x,t)  e  Q 

1  1  Ro  ro 


p  e  R  and  r  >  s 


(iv)  satisfies  (H4)  or  (H5)  depending  on  whether  H  satisfies  (H4)  or 

H  H 

(K 5 )  respectively.  Also  A^  <  A^  for  R  >  0  and  CR  <  CR  for 


Moreover  observe  that  as  Z  +  <*,  H^(t,x,u,p)  -*■  H(t,x,u,p)  uniformly  on 

[0,T_]  x  rN  x  [-R  ,R  ]  x  B  { 0 , R )  for  every  R  >  0. 

0  0  0  N 

Now  for  every  Z,  let  H  e  C^([0,TQ]  x  rN  x  r  x  rN )  be  such  that 

(i)  iHt  -  v  <  i 

(ii)  sup  |H  (t,x,0,0)|  <  C  +  1 
(x.tleS 

0 

-  N 

(iii)  H„(t,x,r,p)  -  H,(t,x,s,p)  >  y_  (r-s)  for  (x,t)  e  Q  ,  p  e  R  and 

1  1  Ro  To 


r  >  s 


( iv) 

I 


If  H  satisfies  (H4),  then  H  also  does  and 
R  >  0 


V(a)  <  Vi  < a) 


for 


(v)  If  H  satisfies  (H5),  then  H  also  does  and  C  *  <  2C  for  R  >  0 

4  R  Rq^i 

(vi)  Regardless  of  whether  H  satisfies  (H4)  or  (H5),  H  always  satisfies 

—t 

(H5 )  for  some  constant  CR  for  R  >  0. 

Because  of  all  the  above  properties  of  in  view  of  Proposition  2.1,  for 

every  Z  the  problem 


f  V 

I  JT  +  Vt'x'VDu*>  =  0  in  2to 

N 

I  u^(x,0)  =  uQ(x)  in  R 


has  a  unique  viscosity  solution  u  e  BUC{Qm  ).  Moreover,  because  of  the 

1  "0 

properties  of  and  Proposition  1.5,  for  every  t  e  [0,Tq]  we  have 


(2.31  ) 


lu.( 

Z 


and 

w 


0( 


0 

T) I  <  e  ( »u  I  +  (C+1 )T)  <  Rq 

(e)  <  f( t)  for  e  <  1 
t) 
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where  f  :  [0,«)  +  10,®)  is  so  that  f(0+)  =  0.  In  particular,  if  H 
satisfies  (H4),  then 


(2.32) 


-Y  T 
TR  0 

f(e)  =  e  °  <2u>  (e)  +  T  A  _  (2e)) 

U0  0  'VT0 

12RQe  0  +3 


and,  if  H  satisfies  (H5),  then 


‘V«  , 

T  ( 4C  e  —  "y  ) 

(2'33)  f  ( e)  <  [e  °  V1  R°  («Du0.  +  2T0C  )).-£. 


We  want  to  show  that  {u^}  is  a  Cauchy  sequence  in  BUC(  i .  e .  we 

want  to  show  that  for  every  a  >  0  there  is  a  l  =  ( a)  >  0  so  that,  if 

l,V  >  then 

lu  -u.,1  <  sup  lu  (♦,!)  -  u  ,(*,t)l  <  a  . 


This,  in  view  of  Proposition  1.3,  will  finish  the  proof  of  the  theorem.  To 
this  end  and  for  arbitrary  but  fixed  a  >  0,  let  1  >  e  >  0  be  so  that 


(2.34) 

and 


T 


0 


e 


U> 

U 


0 


(e)  <  o/3 


(2.35) 


"V° 

V  A  -Yr  Tq 

12RQe  0  +3 


(2  e)  <  o/3 


if  H  satisfies  (H4),  or 


(2.36) 


"V° 

2V  CR0  +  1(1+£)e  < 


o/3 


if  H  satisfies  (H5).  Having  chosen  e  as  above  next  select  so  that 

for  1,1'  > 
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(2.37)  TQe 


-v» 


sup 

(x,t)SQT 

irK 


|H^(t,x,r,p)  -  H^,  (t,x,r,p)  [  <  a/3 


|p  |  <rain  (■ 


6Roe 


— v  T 
R0  ° 


i,  E) 


where  if  H  does  not  satisfy  (H5)  L  =  °°.  Then  in  view  of  Proposition  1.4, 
we  have  that  for  t  e  [0,Tg]  and  1,1'  > 

•,  T)  -  u^,  (  ♦,  T)  I  <  a 

and  thus  the  result. 

Finally  note  that,  if  y  in  (H2)  is  independent  of  R,  we  do  not  have 
to  impose  the  restriction  (2.28)  on  T  and  therefore  we  have  existence  for 
every  T  >  0. 


Remark  2.4.  In  the  case  that  YR  is  not  independent  of  R  we  can  not  expect 
global  time  existence,  as  we  can  easily  see  from  the  simple  ordinary 
differential  equation 


+  u 


0 


u(0 )  =  c  <  0 


As  a  corollary  of  the  above  proof  and  Proposition  1.5,  we  have  the 
following  proposition  which  we  state  without  proof. 


Proposition  2.2.  If  H  satisfies  (Hi),  (H2),  (H3)  and  (H5)  and 

u_  e  C^'^R11),  then  (0.2)  has  a  unique  viscosity  solution  u  e  C  '  (Q  )  . 
Ob  d  i 

Remark  2.5.  A  Lipschitz  type  condition  in  x  is  necessary  in  order  to  have 
solution  Lipschitz  in  x.  In  particular,  if  He  BUC(R)  is  such  that 
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H(x)  “  x’/3  for  x  e  [-1/1],  then  u(x,t)  *  -tH(x)  +1  is  the  viscosity 
solution  of  the  problem 

(ut  +  H(x)  =  0 
u(x,0 )  »  1 

but  u(  •  #  T )  e  for  T  e  [0  ,T]  . 

Remark  2.6.  Assumptions  (H4)  and  (H5)  are  different.  In  particular,  if  H 
is  independent  of  (t,u,p),  then  (H4)  implies  that  H  is  uniformly 
continuous  in  x  and  (H5)  that  H  is  Lipschitz  continuous  in  x.  Moreover, 
there  are  functions  which  satisfy  (H4)  but  not  (H5)  and  vice  versa.  Indeed  if 
9  :  R  ♦  R  is  HOlder  continuous  with  exponent  a  then 

H(x,p)  »  g(x) |p|  0-6 

for  0  <  e  <  a  satisfies  (H4)  but  not  (H5).  But  if  g  s  R  ♦  R  is  Lipschitz 
continuous,  then 

H(x,p)  -  g(x)p 

satisfies  (H5)  but  not  (H4). 

Remark  2.7.  One  can  prove  Theorem  1  in  the  case  that  H  satisfies  (H5), 
using  compactness  arguments,  once  Proposition  1.5  is  proved.  However  here  we 
gave  a  constructive  argument,  which  establishes  the  uniform  convergence  of 
solutions  of  approximate  equations. 
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Section  3 


We  begin  this  section  with  the  definition  of  the  viscosity  solution  of 
(0.3).  We  have 

Definition  3.1  (  [  1  ]  ,  [2 ) ) .Let  H  e  C(RN  *  R  x  RN )  X  >  0  and  n  e  C(RN).  A 
function  u  e  C(  r”  )  is  a  viscosity  solution  of 

N 

u  +  XH(x,u,Du)  =  n  in  R 

oo  (4 

if  for  every  $  e  C  (R  ) 

(3.1)  if  u  -  $  attains  a  local  maximum  at  Xq  e  R1^,  then 

u(xQ)  +  XH  ( x^  ,  u  ( x^  ) ,  D  $  ( x^ ) )  <  n(xQ) 

and 

(3.2)  if  u-<(>  attains  a  local  minimum  at  Xq  e  l/1,  then 

u(xQ)  +  ^H( Xq  *u( Xq ) ,D  ${ Xq )  >  n(xQ) 

Next  we  state  the  theorem  about  the  uniqueness  of  the  viscosity  solution 
of  (0.3)  as  well  as  some  other  important  results  of  [2]  concerning  this 
solution. 

Theorem  3.1  (III.1[2]).  Let  u,v  e  BUCd^)  be  viscosity  solutions  of  the 
problems 

N  N 

u  +  XH(x,u,Du)  =  n  in  R  and  v  +  XH(x,v,Dv)  =  m  in  R 

N  N 

respectively,  where  H:R  x  r  x  r  +  R  satisfies  (Hi),  (H3)  and  either  (H4) 

or  (H5)  and  n,m  e  nUC(rf^).  Let  Rn  =  max(  lu  I ,  Iv  I )  and  y  =  y  .  Then 

0  R0 

(3.3)  (1+Xy)lu-vl  <  In-mi 

In  particular,  if  1  +  Xy  >  0,  then  (0.3)  has  a  unique  viscosity  solution. 

2  N 

Proposition  3,1  (IV,1[21).  For  e  >  0  let  u£  e  C  (R  )  be  a  solution  of 

N 

-eAu  +  u  +  XH  (x,u  ,Du  )  =  v  in  R 

EE  E  E  E  E 

Assume  H  +  H  uniformly  on  RN  *  [-R,R]  x  B  ( 0 , R )  for  each  R  >  0  and 
C  N 

N 

v  ♦  v  uniformly  on  R  .  If  E  *  0  and  u  *  u  locally  uniformly  on  R  , 
e  n  e 

n 
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then  u  e  Ctrf1)  is  a  viscosity  solution  of 

N 

u  +  Ah(x,u,Du)  =  v  in  R  . 

Proposition  3.2  (1. 2  [2]).  Let  un  e  C(RN)  be  a  viscosity  solution  of 

N 

u  +  Ah  (x,u  ,Du  )  =  v  in  R  .  Assume  H  ♦  H  uniformly  on 
n  n  n  n  n  n 

RN  x  [-R,R]  x  B  (0,R)  for  each  R  >  0  and  v  *  v  uniformly  on  rf*.  If 
n  n 

u  u  locally  uniformly  on  R^,  then  u  e  C(RN)  is  a  viscosity  solution  of 

H 

u  +  XH(x,u,Du)  =  v  in  R 

Now  we  give  a  result  which  estimates  the  difference  of  the  viscosity 
solutions  of  the  two  problems  of  the  form  (0.3).  This  estimate  will  be  used 
later  in  order  to  derive  several  properties  of  the  viscosity  solution.  To 

OB 

this  end  choose  8  @  cq(R  )  as  in  (1.5).  We  have 

—  N 

Proposition  3.3.  Let  u,u  e  BUC(R  )  be  viscosity  solutions  of  the  problems 

u  +  XH(x,u,Du)  =  v  in  RN  and  u  +  AH(x,u,Du)  =  v  in  RN 
—  N  N 

respectively,  where  H,  HjR  xrxr  +r  satisfy  (HI)  and  (H3)  with  the 

—  M  — 

same  constant  YR  for  each  R  >  0  and  v,  v  e  BUC(R  ).  Let  Rq  =  max(  lul,  lul) 

and  Y  =  y  .  If  for  R  >  R  and  e  >  0,  D  ,  A  are  so  that 
R0  e  e 

De  =  { ( x,y )  e  RN  x  rN  :  |  x-y  |  <  e} 

and 

A  =  {(x,y,r,p)  e  RN  x  rN  x  r  x  rN  .  (x,y)  e  D  , 

«  £ 

I  r  |  <  min(  lul,  lul),  |p|  <  min(^  +  1,  L )  } 

where 

L  =  min  (  lOu  # ,  IDu  I ) 

and  moreover 

1  +  Xy  >  0 

then 


-41- 


N  N 

Since  $  is  bounded,  for  every  5  >  0  there  is  a  point  (x^,y  )  e  R  x  r 
such  that 

•(Xj,yj)  >  sup  *(x,y)  -  6  . 

(x,y)eRNxRN 

m  H  N 

Next  select  C  e  CQ(R  x  r  )  satisfying  0  <  C  <  1,  Ctx^y^)  =*  1  and 
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J. 


<Kx,y)  +  6 


I  DC  |  <  1  and  define  f  :  RN  x  rN  -*■  R  by 

'f  (x,y)  =  $(x,y)  +  2  5?(x,y ) 

Since  1*  *  ♦  off  the  support  of  £  and 

=  *(x1,y))  +  26  >  sup 

(x.yie*^  xrN 

there  exists  a  *x0»y0*  8  RN  *  RN  such  that 

<3*7>  ,,<xo'yo*  *  for  every  (xo,yo!  e  rN  *  *N  • 

We  assert  the  following  about  (x0,y0) 

If  6  <  R/2  then  | xQ -y |  <  e 
and 

(3.8) 

J  as  6  +  0,  (u(x0)-u(y0) )+  ♦  3R®e(xo"yo)  *  u ( xQ )-viCy0)  +  3RB£(x0“y0) 

sup  {(u(x)-u(y))+  +  3R&  ( x-y ) | }  . 

V  (x.y)eDE  e 

Indeed  if  l x0~y0 1  >  e»  then  in  view  of  (3.7)  and  the  definition  of  we 

have 

2R  +  26  >  ?(xQ,y0)  >  y(x,y)  >  3r 
i-e.  6  >  R/2  . 

Moreover  (3.7)  implies  that 

(u(xQ)-u(y0))+  +  3Ree<x0-y0>  +  26  >  sup  {(u(x)-u(y ) )+  +  3R  (5  (x-y)}  . 

<x,y)eD£  c 


So  as  6+0 

(u(xQ  )-u(yQ) )+  +  3R0  (x  -y  )  *  Sup  {(u(x)-u(y ) )+  +  3rB  (x-y)}  . 

(x,y)eD£ 

Finally  observe  that,  if  along  some  subsequence  6+0  it  is  (u(xQ )-u(yQ ) )+ 

then,  in  view  of  the  above,  we  have 

sup  {(u(x)-u(y) )+  +  3R0  (x-y)}  <  3R 
(x,y )SD£ 
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which  contradicts  (3.6). 

Now  observe  that  xQ  is  maximum  point  of  x  ♦  u(x)  +  3R3e(x-y0)  + 

+  26c(x,yQ)  in  R^  and  yQ  is  a  minimum  point  of  y  *  u(y)  - 

-  3RS£(x0~y)  -  26C(xQ,y)  in  R^.  In  view  of  (3.1)  and  (3.2)  we  have 

u(x0)  +  AH(x0,u(x0),  -  3RDtMx0-y0>  -  ( xQ  ,yQ  ) )  <  v(xQ) 

and 

v(yQ)  <  u(yQ)  +  AH(y0,u(yQ)/  -  3RD^(  xQ  -yQ  )  +  26DyC(xQ-y0  ) )  • 

Combining  these  two  inequalities  we  obtain 

u(xQ)  -  u(yQ)  <  v(xQ)  -  v(yQ)  +  AH(y0,u(y0),  -3RD|3£(x0-y0 )  + 

+  26DyC(x0,y0))  -  An( xQ ,u(xQ ) ,  -3RD3£(x0-y0)  -  26Dx;(xQ ,yQ ) )  . 

To  continue  we  assume  that  lul  =  min(  Sul ,  Hull ) .  (If  not  one  has  to  modify  the 
rest  of  the  proof  in  an  obvious  way.)  Then  in  view  of  (H3)  and  (3.8)  for  6 
sufficiently  small  we  have 

(1+AY)(u(x0)-u(y0))+  <  v(xQ)  -  v(yQ)  +  AH(y0,u(yQ),  -3RD3e(x0-y0)  + 

+  26Dyt(x0,yQ ))  -  An(x0,u(yQ),  -3RD3e<x0-y0 )  -  26DxC(xQ ,yQ ) ) 

and,  since  |Xg-y0l  *  e  for  ^  < 

( 1+Ay) {(u(x  )-u(y  ) )+  +  3R3e(x0-y0)}  <  sup  {|v(x)-v(y)|  + 

(x,y)eDe 

+  3R(1+AY)3e(x-y))}  +  XH(yQ,u(y0),  ^xQ-yQ)  +  2«Dy C(xQ ,yQ ) )  - 

-  AH(xQ,u(yc),  -3RD0e(xo-yo)  -  26Dx<;(x0  ,yQ ) )  . 

Next  observe  that  for  6  <  1/2 

,  6R 

|-3RD3e(xQ-y0)  +  26DyC(x0,y0)|.  |-3RDd£< *0-y0>  -  26Dy£(xQ,y0 ) |  <  —  +  1  • 

Moreover,  if  L  <  «  (note  that  the  case  L  =  “  is  trivial)  and  (without  any 

loss  of  generality)  L  =  Soul,  then  since  xQ  is  a  maximum  point  of  the 

N 

mapping  x  +  u(x)  +  3R3^(x-yg)  +  26<;(x,yg  )  for  x  e  R  we  have 
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3R8E(x-y0)  +  26e<x,y0)  -  3R6£(x0-y0)  -  2<$C(x0,y0)  <  L|x-xq|  . 

But  this  implies  that 

|3RD8e(x0-y0)  +  2SDxC(x0,y0)|  <  L  . 

Combining  all  the  above  we  obtain 

(1+Xy)(u(x  )-u(y  ))+  +  3R6  (x  -y  ))  <  sup  {|v(x)-v(y)|  +  3R( 1+ Ay) 8  ( x-y )  }  + 
00  e  0  o  (x,y)eDe 

+  XH<y0,u(y0),  -3RD8e(x0-yQ)  -  2  &>xC<  xQ,y0 )  )  - 
-  XH(x0,u(yQ),  -3RD0£(xo-yo)  -  2  xQ  ,yQ  >  )  + 

+  X“-  6R  (45) 

H,max(—  +  1,  R) 

therefore 

( 1+Ay ) { (u( x^ )-u(yQ ) )+  +  3R8e(x0-yQ)}  <  sup  {|v(x)-v(y)|  + 

(x,  y  )6D£ 

+  3R(1  +  XY)Be(x-y)}  +  A  sup  |H(x,s,p)  -  H(y,s,p)|  +  Au>_  (45). 

(x,y,s,p)A£  H,max(—  +  1,R) 


Letting  6+0  in  the  last  inequality  we  get  (3.5)+. 


Next  we  use  Proposition  3.3  to  establish  several  properties  of  the 

viscosity  solution  u  e  BUCfW^)  of  (0.3).  In  particular  the  next  proposition 

gives  a  priori  hounds  for  the  norm,  the  modulus  of  continuity  and  the  Lipschitz 

constant  of  u.  Moreover,  it  gives  an  estimate  for  lu-vl,  if  v  e  C  '  (RN). 

d 


N  N 

Proposition  3.4.  Let  HjR  xrxr  ♦  r  satisfy  (HI)  and  (H3 ) .  If  for 

v  e  BUC ( R^ ) ,  u  e  BUC(RN)  is  a  viscosity  solution  of  (0.3),  let  R  >  lu I  and 

y  ”  y  .  If  1  +  \y  >  0,  the  following  are  true 
R 

(a)  If  H  satisfies  (H2)  then 

(3.9)  lul  <  ^7^  (AC  +  »vl) 

where  C  is  given  by  (H2). 


(b)  If 
(3.10) 


H  satisfies  (H4 )  then  for  1  >  r  >  0 

Vr)  4  Ttly  (2Vr>  +  XA12R+2(2r)) 
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(c)  If  H 

(3.11) 
where  CR 

(3.12) 

(d)  If  H 


satisfies  (H5)  and  u,  v  e  C°f1  (■**),  then 

D 

,Dul  4  i+vr  l,Dv'  +  ^cr<  1  +  ,Du,)J 

is  given  by  (H5).  Moreover  if  1  +  A(y^:r)  >  0 

<  «»>  *  «„>  • 

satisfies  (H2 )  and  v  e  C°* 1 (RN)  then 

D 


then 


(3.13) 


lu-vl 


sup 

x6R 


|H(x,r,p) |  . 


I  r  |  <lul 
Ip  I <IOvl 


Proof,  (a)  He  apply  Proposition  3.3  to  u  and  u  -  0,  which  is  a  viscosity 
solution  of  the  problem 

0  +•  AO  «  0  in  R1*  . 

Then  for  e  >  0,  (3.4)  implies 

lul  +  3R  <  sup  {|u(x)|  +  3R0  (x-y)}  <  sup  |v(x)|  +  3R  + 

<x,y)eD£  1+AY  (x,y)eDe 

+  I+Ay  "up  |H(x,r,p) |  . 

(x,y,r,p)eAe 


But  in  this  case 

*e  *  {(x»y,r,p): I x-y |  <  e,  |r|  <*in(lul,0),  |p|  <  min(^  +  1,0)} 
”  { (x,y)  e  tP  x  RN:|x-y|  <  e}  . 

So 

lul  <  (Ivl  +  Ac)  . 

(b)  For  r  fixed  (1  >  r  >  0)  let  5  e  *"  be  such  that 

I  Cl  <  r  . 

If  u  s  RN  ♦  R  is  defined  by 

u(x)  -  u(x+C) 

—  ^  — 

then  u  e  BUC(R  ).  Moreover  u  is  a  viscosity  solution  of 
u  +  Ah(x  +  C,  u,  Du)  «  v(x+5)  in  . 
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os  N 

To  see  this  observe  that,  if  for  $  e  C  (R  ),  xQ  is  a  local  maximum  of 
u  -  then  xQ  +  5  is  a  local  maximum  of  u  -  (|)  where  i(i(y)  =  <My-C)*  By 
(3.1)  we  have 

u(xQ+S )  +  XH(x0+£,  u(xq+£),  D«K xQ+C > )  <  v(xQ+C) 

therefore 

U  (  Xq  )  +  XH(xq+5,  u(xq),  D4i(xq))  <  v(x0+U 

Similarly  one  can  check  the  case  u  -  $  has  a  local  minimum  at  Xq. 

Now  applying  Proposition  3.3  to  u,  u  for  e  =  r  we  have 

sup|u(x)-u(x+£) I  +  3R  <  sup  {|u(x)-u(y+()|  +  3R0r(x-y)}  < 
x  (x,y)eDr 


<  sup  |v(x)-v(y+?)|  +  -  3R(  1+Xy)  + 

'  (x,y)eDr 


+  -rrr-  sup  |H(x,s,p)  -H{y+C,s,p)| 

T  (x,y,s,p)eAr 


But  in  view  of  (H4) 


sup  |H(x,s,p) 

(x,y,s,p)eA 

r 


H(y+C,s,p) | 


sup  I H(x,s,p) 
|x-y | <r 
(  s  |  <  lu  U 

|P|«|5  +1 


H(y+5#s,p)|  < 


<  A 


12R+2 


( 2R)  . 


Moreover 

sup  |v(x)  -  v(y+5)|  <  2d)  (r) 
(x,y)eDr  v 

thus  the  result. 

(c)  For  5  e  if  define  u  :  tP  *  R  by 

u(x,T)  «  u{x+5,t) 

Then  u  e  C^'NbN)  is  a  viscosity  solution  of 

D 
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u  +  H(x+5/U,Du)  =  v(x+£)  in  R 

Applying  Proposition  3.3  to  u,  u  for  £  >  0  we  have: 

sup|u(x)-u(x+£)  |  +  3R  <  sup  |  v(x)-v(y+C)  |  +  3P  + 

x  Y  (x,y)eDe 

+  A  sup  |H(x,s,p)  -  H(y+£, s,p)| 

(x,y)eD£ 

|  s  |  <  I  u  I 
Ipl <lDu> 


therefore 


sup|u(x)-u(x+5)  I  <  vjrjp  (  IDv  I 
x  ' 

Letting  E  +  0  we  obtain  (3.11).  If  1 

(3.11  ). 

( <3 )  Applying  Proposition  3.3  to  u  and 
solution  of 

v  +  AO  =  v 


+  Acr(  1  +  IDul) )  (e+UI  )  . 

+  A(y-CR)  >  °»  (3.12)  follows  from 

v  e  C^'Vr1^),  which  is  a  viscosity 

in  RN 


for  e  >  0  we  have 


lu-vl  +  3R 


-  sup 
( X,  y  )tJD 


| v(x)-v(y) | 


+  3R  +  T+Ty  sup  |H(x,s,p)|  . 

I x-y I <E 

I  s  |  <  lu  I 
|p| < IDv I 


Letting  e  *  0  we  obtain  (3.13). 


Remark  3.2.  In  the  case  that  H  is  independent  of  x,  one  can  deduce 
(3.10),  (3.11)  and  (3.12)  directly  from  (3.3)  ([2]). 
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Section  4 


We  begin  this  section  with  a  result  concerning  the  existence  of  the 
viscosity  solution  of  (0.3),  in  the  case  that  H  and  v  are  sufficiently 
smooth  functions.  In  particular,  we  show  that  the  solution  of  the  viscosity 
approximation 

(4.1) £  ”e^ue  +  ue  +  x,ue,Du£>  *  v  in  if 

converges  as  e  ♦  0  uniformly  on  R*  to  a  function  u  e  BUClrf1),  which  is 
then,  by  Proposition  3.1,  the  viscosity  solution  (0.3).  Moreover  we  give  an 
explicit  estimate  on  lu-u  I. 

Proposition  4.1.  Let  H  e  C^(^xrxsN)  satisfy  (H2),  (H3)  (with  y  -  yr 
for  R  >  0)  and  (HS).  For  X  >  0  so  that  1  +  2Xy  >  0,  1  +  X(y^1)  >  0  and 
1  +  X(y-CR)  >  0,  where  R  >  2lvl  +  C  and  C,  CR  are  given  by  (H2),  (H5), 
e  >  0  and  v  e  C2(*N),  let  u£  e  C2(*N)  n  BUC(*N)  be  the  solution  of 

(4.1)  .  Then  there  exists  u  @  BUCOr )  such  that  u  ♦  u  uniformly  on  R** 
as  e  -*  0.  u  is  the  viscosity  solution  of  (0.3)  in  rf*  and  moreover 

(4.2)  '“"“e1  <  K  /e 

where  K  is  a  constant  which  depends  only  on  Ivl  and  IDvI. 

Proof.  The  existence  of  such  an  u£  follows  from  standard  theory  (see  in 

particular  17]).  Moreover  it  is  also  known  that,  under  our  assumptions  on  H, 
0  1  N 

v,  u  e  C  '  (R  ).  In  order  to  show  the  existence  of  u  it  suffices  to  show 
e  o 

that  as  e  ♦  0  {u£}  forma  a  Cauchy  family  in  BUC(I^).  Indeed  then  there 
exists  u  e  BUCtrf*)  such  that  u£  +  u  uniformly  in  R.N  as  c  *  0.  By 
Proposition  3.1  and  Theorem  3.1  u  is  the  viscosity  solution  of  (0.3).  To 
this  end  we  show  that  there  exists  a  constant  K,  which  depends  only  on 
IDvI  and  Ivl,  such  that  for  e,  n  >  0 
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(4.3) 


Hu  -u  I  <  K(  H  +  /n)  . 

e  n 

This  also  will  prove  (4.2),  if  we  let  n  +  0*  To  prove  (4.3)  we  need  the 
following  lemma. 

Lemma  4.1.  If  H,  v,  e,  X,  R  and  U£  are  as  in  Proposition  4.1,  then 
(4.4)  1u£l  <  ~ ^  (  ,vl  +  >C) 

where  C  is  given  by  (H2)  and 

(4.5,  'D«e<  <  TTxfkl  (,Dvl  +  V"*1 

R 

where  CR  is  given  by  (H5). 

We  first  complete  the  proof  of  the  proposition  and  then  prove  the 
lemma.  Observe  that  it  suffices  to  show  that  there  exists  a  constant  K, 
which  depends  only  on  I'll ,  IDvl,  such  that  for  e,  n  >  0 

(4.6) *  l(u  -u  )*l  <  K(/e  +  /n)  . 

e  n 

Here  we  establish  only  (4.6 )+,  since  (4.6)  can  be  proved  in  exactly  the  same 
way.  To  this  end  observe  that,  if  Ku^-u^)  I  =  0,  there  is  nothing  to 
prove.  So  we  may  assume  that 

(4.7)  Mu  -u  )+l  >  0  . 

e  n 

In  this  case  and  for  9  *  let  4  s  RN  *  RN  ♦  R  be  defined  by 

4<x,y)  *  (ue(x)-un(y))+  +  3 (R+1 ) 6g(x-y ) 

where  R  is  as  in  the  statement  of  the  proposition  and  3g(*)  =  B(-g)  with 

6  given  by  (2.9).  Since  4  is  bounded,  for  every  6  >  0  there  is  a  point 
N  N 

(x^y^)  in  R  x  R  such  that 

*(x1,y1 )  >  sup  $(x,y)  -  5  . 

(x,y)eRN 

Next  select  C  e  C*(RN)  so  that  0  <  c  <  1,  Ctx^y,)  “  1.  |r>c!  <  1  and 
I  A? |  <  1  and  define  ¥  ;  RN  x  rN  ♦  R  by 
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y(x,y)  =  *<x,y)  +  265(x,y) 


Since  *f  =  t  off  the  support  of  5  and 

'•'(x  /y.)  =  ♦(x.,y.)  +  26  >  sup  4(x,y)  +  6 

’  *  N  N 

(x,y)eR  *R 

there  is  a  point  (x^y^)  e  RN  x  rN  such  that 

(4.8)  ^X0'y0^  >  Y(x,y)  for  every  (x,y)  e  RN 

We  claim  that  (x0,y0>  has  the  following  properties 


(4.9) 


I (u  -u  )  I 

For  6  <  min( - j-3 - ,  — ) 

|x0,y0i  *  9'  lx0-y0l  <  <l+26)02 ,  (ue(x0 )_un(y0 > )+  >  0  and 


l  (Vxo,_Vyo,,+  >  ,<urun)+!  *  26 

where  L  is  given  by  (4.5).  Indeed,  since  in  view  of  (4.4)  lu^l  <  R, 
I x0-yQ I  >  0,  (4.8)  implies 

2 ( R+ 1  )  +  26  >  1’<x0,y0)  >  Y(x,x)  >  3(R+1) 
which  contradicts  the  fact  that  6  <  1/24.  Moreover,  for  every  x  e  tP 
is 

(u  (x.)-u  (y  ) )+  +  3 ( R+ 1 )  +  26  >  T<x  ,y  >  >  ?(x,x)  >  (u  (x)-u  (x))+  + 
£  U  T]  U  tJ  U  £  n 

therefore 


<ue(V'un<yo,)+  *  ,(ue'un)+l  "  26 

and  by  the  choice  of  6 

(ue<xo,_un(yo))+  "  ue(xo)-un(yo>  * 

In  this  case  and  since  IDue I  <  L  we  have 

W'W  +  3<R+1,Wy0>  +  26  >  ue(y0,-un(y0)  +  3(R+1) 
therefore 


,IR+I)8.<x  -y.)  >  3  (R+1 )  -  2 (R+1 )  -  2  6(3 (R+1 ) ) 
y  u  u 

which  implies 


if 


,  it 


+  3 (R+1  ) 
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wv  *  i  • 

But  then,  in  view  of  (2.9),  it  is 

'Vyo|2 

(4.10)  WV  -  1  -  ~2 -  . 

0 

Moreover,  (4.8)  also  implies  that,  for  5  sufficiently  small,  xQ  is  a 
maxima*  point  of  the  mapping  x  *  u£(x)  +  3(R+1 ) 8g(x-y(j)  +  26c(x,y(j), 
therefore  for  x  8  I? 

3(R+1)B9(x-y0)  ♦  2«C(x,y0)  -  3(R+1)B9(x0~y0)  -  2S;(xQ,y0)  <  ue(x0,"Ue(x)  < 

<  L|x-x0l  <  6( R+-1  )l| x-xQ |  . 

This  gives 

(4.11)  |3(Rt1)DBe(x0-y0)  +  2«DxC(x0,y0) I  <  L  <  6(R*1)L 
and  by  (4.10) 

l*o -y0 1  *  ^2«)82  • 

Next  observe  that,  in  view  of  (4.8)  and  (4.9)  xQ  is  a  maximum  point  of 

x  ♦  u£(x)  +  3(R*1 )B9(x-yQ)  ♦  26?(x,y9)  and  yQ  is  a  minimum  point  of 

y  ♦  «n(y)  *  3(Rt1 )B9(x9~y)  -  26c(xQ,y).  This,  together  with  the  fact  that 

«  ,  u  e  c2(«N)  are  solutions  of  (4.1)  ,  (4.1)  respectively,  implies  that 

6  n  t  n 

W'W  <  -3(^i)ee(Vyo,(E+n)  +  Wyo'Vyo>'"3(Rf1,DVVyo>  + 

+  «V(x0'y0»  "  ^H<’‘0,u€(y0),-3(R+1)DB9(x0-y0)-25DxC(x0,y0))  +  v(xQ)  -  v(y()) 

But  then  using  (4.9)  and  the  properties  of  H,  v  and  X  we  have 

(1+Xy)(ue(x0)-un(y0))+  <  IDvl  |xQ-y0  I  +  3(R+1)  ♦ 

0 

*  *  AHtyO'lle(yO,'*3(Rf1,I,V,VyO,~ 

H,max(R,  — g -  IDBI  +  1) 

-2«DxC(x0,y0))  -  XH(yo,UE(yo),-3(R-M)D00(xo-yo)-26DxC(xo,yo)) 
therefore,  since  82  4  2(/e  /n)  and  <  ft  +  /n,  and  by  (4.11) 

e2 
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( 1  +  Ay )  lu£-u^  )  +  l  <  ( 1  +  Ay ) 2  5  +  2  ii Dv  I  (L+2  5)  (  /e+/n)  + 

+  Aid  (46)  +  Ac  ( 1+L)2  (L+2  6)  ( /e+^n)  . 

H,max(R,  (  6U  KD0I+1) 

Letting  6+0  we  obtain 

(4.12)  l(u  -u  )+l  <  -—T  ( 2  iDv  IL  +  2AC  (1+L)L)  (/e+/n) 

e  n  1  +  Ay  r 

and  thus  the  result. 


Proof  of  Lemma  4.1.  Here  we  prove  a  more  general  estimate  which  has  (4.4)  and 

—  2  N  N 

(4.5)  as  special  cases.  In  particular,  for  e  >  0  let  H,  H  e  C^(R  x  r  x  r  ) 

satisfy  (H2),  (H3)  and  (H5)  with  the  same  constants  C,  CR  and  y  =  yR  for 

—  2  N 

R  >  0.  Moreover,  let  v,  v  e  Cfe(R  )  and  choose  RQ  >  0  so  that 

max(2lvl+  C,  2lvl  +  C)  <  RQ  . 

If  A  >  0  is  so  that  1  +  2Ay  >  0,  1  +  A( y- 1 >  >  0  and  1  +  A(y-CR  )  >  0  and 

_  2  M  w  ® 

u  »  u  e  C  (K)  n  BUC(R  )  are  solutions  of 
E  G 

-gAu  +  u  +  H(x,u  ,Du  )  *  v  and  -gAu  +  u  +  H(x,u  ,Du  )  =  v 
GG  66  GG  GG 

then 


(4.13) 


lu  *u  I  <  - — r—  (Iv-vl  +  A 
c  c  1+Ay 


|H(x,r,p)  -  H(x,r ,p) I ) 


|rl  *nin(  lu  I,  Iuel) 
|p|  <min(Le,Le) 


where  L  ”  IDu  I  ar.d  L  -  IDu  I. 

6  g  c  G 

As  usual  and  without  any  loss  of  generality  here  we  show  only 

| H(x,r,p)  -  H(x,r,p) | ) 


(4.14)  l(u£-u£)+l  <  ( Iv-vl  +  A 


xe 

|r|  <min(  llu e  11 ,  luE>) 
|p| <min(Le,Le) 
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I 


To  this  end  observe  that,  if  l(ue-u£)+l  “  0,  there  is  nothing  to  prove.  So 
we  assume  that 

Mu  -u  J  +  l  >  0  . 

e  e 

In  this  case  let  *  :  R  -*■  R  be  defined  by 

♦<x)  -  (uc<x)-^e{x))+  . 

Since  ♦  is  bounded,  for  every  6  >  0  there  is  a  point  x1  e  I?  such  that 

*(x.)  >  supu  *(x)  -  5  . 

1  xea 

Let  C  e  c“(aN )  be  such  that  0  <  C  <  1,  ?(x1 )  -  1,  | Del  <  1  and  |  A(|  <1 
|| 

and  define  f  s  R  ♦  R  by 

f(x)  “  *(x)  +  26?(x)  . 

Since  T  »  •  off  the  support  of  6  and 

MXj)  *  MXj)  +  26  >  Bup^  *(x)  +  6 
xCR 

there  is  a  point  xQ  e  rf*  such  that 

(4.15)  T(x0)  >  T(x)  for  every  x  e  . 

,*ue"ue,+* 

Then  for  6  <  - - -  it  is  easy  to  check  that 

(Vx0,“Vx0)>+  “  W  '  VV  *  ,(uc-e,+  1  '  26  * 

But  then  xg  is  a  maximum  point  of  x  ♦  u£(x)  -  u£(x)  +  2$((x).  This, 

••  2  N 

together  with  the  fact  that  u£,  u£  e  C  (R  )  satisfy  the  equations  stated  at 
the  beginning  of  the  proof,  inq>lies 

W  '  "c(x0>  <  "25e  +  X<"<V“c(x0,'D“e<x0,>  “ 

”  H(xo'ue(xO,'Due(xO)  +  2fiDC<xo,)  • 

If  we  assume  (without  any  loss  of  generality)  that  lu£l  “  min(  hi£l,  lu £l )  and 
Lc  “  min(Lc#Lc),  then 
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(1+VY)(ue(x0)-ue(x0))+  <  -26e  +  X  snp^  |H(x,r,p)  -  H(x,r,p)|  + 

|rf?fu£l 

lp!^e 

+  Xw  _  (26)  . 

H,max( lu  £ I ,  L  ^ ) 

Letting  6+0  we  obtain  the  result. 

Since  (4.4)  and  (4.5)  follow  from  (4.13)  the  sane  way  that  (3.9),  (3.12) 
follow  from  (3.4)  we  omit  their  proof. 

Renark  4.1.  Once  one  has  (4.4)  and  (4.5)  the  existence  of  the  viscosity 
solution  u  8  BUC(HN )  of  (0.3)  under  the  assumptions  of  Proposition  4.1 
follows  immediately  from  usual  compactness  arguments.  The  only  reason  we  give 
a  different  proof  is  to  establish  the  explicit  estimate  on  lu £-u I . 

Now  we  continue  with  the  proof  of  Theorem  2.  As  in  the  case  of  Theorem  1 
here  we  approximate  H  and  Uq  in  a  suitable  way  so  that  the  resulting 
problems  have  viscosity  solutions  (by  Proposition  4.1).  Using  the  a  priori 
estimates  we  have  about  the  viscosity  solution  together  with  Proposition  3.3, 
we  can  conclude  that  (0.3)  has  a  solution. 

Proof  of  theorem  2.  For  the  given  n  and  H  and  regardless  of  whether  H 
satisfies  (H4)  or  (H5)  let  Rg  >  0  be  such  that 

(4.16)  2lnl  +  C  +  1  <  Rq 

where  C  is  given  by  (H2).  Then  choose  X^  >  0  so  that  for  0  <  X  <  Xp 

r i  ♦  2xtro  >  ° 

(4.17)  \ 

1  +  X(yD  -1)  >  0 
^  R0 

and 
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(4. 18) 


)  >  0 


'  *  M  V  2cv 

in  the  c.ee  th.t  II  e.tisties  (Hi).  where  ,  ls  glv«„  by  |M,  ls 

0 

assumed  to  be  YR^  <  0  and  CR^  +  1  is  given  by  (H5).  The  claim  is  that,  for 

every  X  such  that  0  <  X  <  XQ,  (0.3)  has  a  unique  viscosity  solution.  The 
uniqueness  follows  from  Theorem  1.1  and  the  choice  of  X  since  by  Proposition 
3.4(a),  any  solution  u  e  BUC(  R*  )  is  such  that 

•u<  <  (  In l+Xc)  <  R0  . 

Here  we  establish  the  existence.  To  this  end  we  first  observe  that  it 

suffices  to  assume  nec*(RN).  Indeed  for  the  given  n  e  BUC(rN)  we  can 

find  a  sequence  n  e  C*(RN)  so  that 
m  d 


and 


tn  I  <  Ini 

m 


in  “t\l  0  as  m  «  * 

m 


If  we  know  that  (0.3)  has  a  viscosity  solution  for  n  e  C^(RN),  then  for 
every  n  and  A  as  above 


um  *  *H(x,u  Du  )  *  n 
m  n\  m  m 


will  have  a  viscosity  solution  um  e  BOCd^)  such  that 
But  then  theorem  1.1  implies 


lu  I  <  R  . 
m  0 


lu  “u  I  <  — -  In  -n„ I 
ml  1+Xy  m  l 


i.e.  there  exists  a  u  e  BUC(RN)  such  that  U[n  *u  uniformly  on  r"  as 
m  ♦  «.  Then  by  Proposition  3.2,  u  is  the  viscosity  solution  of  (0.3). 


Next  for  every  positive  integer  l  let  :  RN  x  R  x  rn  +  R  ^  defined 


by 


_  J  H(x,U,p) 

H^fx.u.p)  =  w(p/f)  / 

for 

lul 

<R0 

^  H<X'  luj  R0'  p) 

for 

lul 

>  R0 
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where  w  6  Cg(R  )  is  as  in  (2.30).  it  is  easy  to  see  that  for  every  i 
(i)  Ht  e  BUC(*N  x  r  x  rN) 


(ii)  sup  |H£(x,0,0)|  »  C 

X 

(iii>  Hi<X'r,p>  ”  H  (x,s,p)  >  yR  (r-s)  for  every  x  e  RN,  p  e  RN  and 
r  >  s  0 

(iv)  satisfies  (H4)  or  (H5)  depending  on  whether  H  satisfies  (H4)  or 

H,  H, 

(H5 )  respectively.  Moreover  for  R  >  0  and  cr  <  CR 


for  R  >  0. 


Also 

observe  that  as  1  ♦  H (x. 

u,p)  ♦  H(x,u,p) 

uniformly 

on 

[”Rq»Rjj]  x  B  (0,R)  for  every 

R  >  0. 

Now  for  each  t  let  H  e  c£(^*  x  r  x  r1’; 

be  such  that 

(i) 

IH.-H.I  <  -7 

it  i 

(ii) 

sup  |H .(x, 0,0)1  <  C  +  1 

X 

(iii) 

H.(x,r,p)  -  H  (x,s,p)  >  y_ 

*  1  Ro 

(r-s)  for  x  e 

p  e  rn 

and  r 

>  s 

(iv) 

If  H  satisfies  (H4),  then 

also  does 

Ht 

and  < 

Vi  for  R  >  0 

(v) 

If  H  satisfies  (H5 ) ,  then 

also  does 

Hi 

and  C  < 

R 

2C 

V1 

for  R  >  0 

(vi) 

Regardless  of  whether  H  satisfies  (H4)  or  (H5),  Ht 

always 

satisfies 

(H5)  for  some  constant  C* 

R 

for  R  >  0. 

Because  of  all  the  above  in  view  of  Proposition  4.1,  for  each  t  the  problem 

Uj  +  H^tXjUjfDUj)  ■  n  in  RN 

has  a  unique  viscosity  solution  u(  e  BUC(^).  Moreover,  because  of  (i) 
above,  Proposition  3.4  and  (4.17),  (4.18),  for  every  t  we  have 


* 
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(4.19) 


r  lu.l  <  -rrr —  +  (C+DX)  <  r„ 

l  1  + Xy_  0 


and 

u)  ( e)  <  f  (  O  for  £  >  1 
Ut 


where  f  :  [0,<»)  (0,«»)  is  such  that  f(0+)  =  0.  In  particular,  if  H 


satisfies  (H4),  then  for  £  <  1 


f<£>  =TTir"  (2Wn(e)  +  XA12P*3(2e)) 

R„  0 


and  if  H  satisfies  (H5),  then 

1 


f(E)  =  (,Dnl  +  2CV,  x,£  -  LE  • 

Ro  Ro  J 


We  want  to  show  that  {u^}  is  a  Cauchy  sequence  in  BUC(  )  i.e.  that 
for  every  a  >  0  there  is  a  JtQ  =  4Q(a)  >  0  so  that  if  l,V  >  lQ,  then 

•w 1  <  °  • 

This,  in  view  of  Proposition  3.2  will  finish  the  proof  of  the  theorem.  To 

this  end  and  for  a  >  0  arbitrary  but  fixed  let  1  >  e  >  0  be  so  that 

1 


(4.20) 
and 

(4.21) 

if  H  satisfies  (H4),  or 


1  +  XlrR  " 

Ro 


w  ( £)  <  a/3 


12v3 


A,„„  .,(2  0  <  a/3 


(4.22) 


1+Ay  R.+1 

\  0 


2C_  _(1+L)E  <  a/3 


if  H  satisfies  (H5).  Having  chosen  e  as  above,  next  select  so  that 

for  l,V  >  l. 
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(4.23) 


X 

uxr 

Ro 


sup  | H  ( x , r , p ) 

xe*N  1 

,r"\ 

|p|<min(-£-  +  1,E) 


Hj,(x,r,p)|  <  a/3 


9 

where  in  the  case  that  H  does  not  satisfy  (H5),  L  “  Then,  in  view  of 

Proposition  3.3,  for  4,4*  >  4Q  we  have 

lu.-u  ,,  I  <  a 
4  4’ 

and  thus  the  result. 

As  a  corollary  of  the  above  proof  and  Proposition  3.5,  we  state  without  a 
proof  the  following  proposition. 

Proposition  4.2.  If  H  satisfies  (hi),  (H2),  (H3)  and  (H5)  and 
n  e  cJ'Vl.  then  (0.3)  has  a  unique  viscosity  solution  u  e  C?'1(*N). 

Remark  4.2.  If  H  is  independent  of  u,  then  the  above  proof  gives 

XQ  »  ».  If  H  satisfies  (H3)  and  either  (H4)  or  (H5),  so  that  the  constants 

are  independent  of  R,  then  XQ  is  independent  of  Ini. 

Remark  4.3.  One  can  prove  theorem  2  by  using  compactness  arguments,  once 
Propositions  3.4  and  4.1  are  proved.  Here  we  gave  a  mere  constructive  proof 
to  establish  the  uniform  convergence  of  solutions  of  approximate  equations. 
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